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Introduction 

Bicomplex numbers have been studied for quite a long time, probably 
beginning with the work of the Italian school of Segre |43] , Spampinato 
|48|, 149] . and Scorza Dragoni |42j . Their interest arose from the fact 
that such numbers offer a commutative alternative to the skew field of 
quaternions (both sets are real four-dimensional spaces), and that in 
many ways they generalize complex numbers more closely and more 
accurately than quaternions do. Of course, commutativity is gained at 
a price, and in this case the price is the fact that the ring of bicomplex 
numbers is not a field, since zero divisors arise to prevent such a possi- 
bility. Anyway, one may expect that bicomplex numbers can serve as 
scalars both in the theory of functions and in functional analysis, being 
at least a reasonable counterpart for the quaternions. 

The most comprehensive study of analysis in the bicomplex setting is 
certainly the book of G. B. Price |38] . and in recent years there has 
been a significant impulse to the study of the properties of those func- 
tions on the ring BC of bicomplex numbers, whose properties suggest 
a notion of bicomplex holomorphy. Rather than giving an exhaustive 
list of references, we refer the reader to the article |35j and to the 
forthcoming monograph |37j . As demonstrated in these references (as 
well as in the more specialized papers on which those references rely), 
the fundamental aspects of bicomplex analysis (the analysis of bicom- 
plex holomorphic functions) are by now fairly well understood, and it 
is possible to study some of the more delicate aspects of the theory of 
the modules of such bicomplex holomorphic functions. The history of 
complex analysis indicates that progress in such an arena (the study of 
analytic functionals, for example) cannot be achieved without a strong 
grasp of functional analysis. Thus, the origin of this monograph. 

With the goal of providing the foundations for a rigorous study of mod- 
ules of bicomplex holomorphic functions, we develop here a general the- 
ory of functional analysis with bicomplex scalars. Functional analysis 



in BC is an essentially new subject, and it seems to have had two in- 
dependent starting points: the paper |40] , submitted and published in 
2006, and the earlier paper [34], originally submitted back in 2005. It 
may be instructive to compare this with the case of functional analysis 
with the quaternionic scalars which dates back to the papers of Teich- 
muller |53j and Soukhomlinoff |47j . and which is actually widely known 
and studied; for some recent works see, e.g., |10|, I15L I16|, I31L I32|, I33j . 

During the last several years, the initial ideas of bicomplex functional 
analysis have been studied, see, e.g., {251 1261 127] and also |24] . While 
there are some overlaps with our work, we present here a much more 
complete and exhaustive treatment of the theory, as well as many new 
ideas and results. In particular, we show how the general ideas that we 
develop for a bicomplex functional analysis can be directly employed 
to generalize the classical Schur analysis to the bicomplex setting. 

Let us now describe in more detail the contents of each chapter in this 
monograph. 

Even though the basic properties of bicomplex number are well known 
and widely available, our analysis requires some more delicate discus- 
sion of the various structures which are hidden in the ring of bicomplex 
numbers. For this reason we use Chapter 1 to study in detail the subset 
D of hyperbolic numbers, and we are able to establish why we claim 
that D plays, for bicomplex numbers, the same role that M plays for 
complex numbers. In particular, we introduce a new partial order on 
D, which has interesting connections with the Minkowksi space of spe- 
cial relativity, and that allows us to introduce a new hyperbolic-valued 
norm on the set of bicomplex numbers. 

In Chapter 2, these ideas are extended to the case of matrices with 
bicomplex entries. Even though no surprises occur here, the study of 
bicomplex matrices cannot be found elsewhere, and we present here a 
detailed description of the peculiarities which arise here. Besides, we 
include into this chapter a quick survey of holomorphicity in the bi- 
complex setting. 

In Chapter 3, we study BC-modules, and we show their subtle nature 
as well as the many structures that one can impose on them. In par- 
ticular we will show that every BC-module decomposes into the direct 
sum of submodules, which we call the idempotent decomposition of a 
BC-module (a notion inherited from the idempotent decomposition for 



bicomplex numbers): such a decomposition will play a key role in the 
remainder of the work. We also show how to use two complex linear 
spaces to generate a BC-module of which they are the idempotent rep- 
resentation. 

The most surprising portion of the work takes place in Chapter 4, where 
we study inner products and norms in bicomplex modules. The mat- 
ter is that depending on the kind of the scalars an inner product can 
take real, complex, or quaternionic values (they can be even more gen- 
eral) but the corresponding norm is always real-valued. We consider 
two kinds of norms on bicomplex modules: a real-valued norm (as one 
would expect), and a hyperbolic- valued norm. Interestingly enough, 
while both norms can be used to build the theory of normed bicomplex 
modules, the hyperbolic-valued norm appears to be much better com- 
patible with the structure of BC-modules. Note also that we apply the 
developed told for a study of the ring EI(C) of biquaternions (complex 
quaternions) seen as a BC-module. Since the ]HI(C)-valued functions 
arise in a wide range of areas we believe that our analysis will be rather 
helpful for constructing the theory of linear space of such functions. 

Chapter 5 sets the stage for the study of linear functionals on bicom- 
plex modules. The results in this chapter are sometimes surprising and 
will set the stage for any advanced function theory for bicomplex func- 
tion spaces. Recent works have studied spaces of analytic functionals 
on spaces of bicomplex holomorphic spaces |50L 152] , but in those arti- 
cles the duality is defined by considering only the C-linear structure. 
We expect the results from this chapter to allow a new understanding 
of those spaces of analytic functionals and a deeper description of the 
duality properties. 

Finally, in Chapter 6, we describe a bicomplex version of the classical 
Schur analysis. This is a significant application of the theory developed 
in the first five chapters of this monograph. Schur analysis originates 
with the classical papers of Schur, Herglotz, and other (see [3] for 
a survey) and studies holomorphic contractive functions in the open 
unit disc of C. This analysis has remarkable connections and appli- 
cationt to interpolation problems, moment problems, and the theory 
of linear systems. It is because of these relations that Schur analysis 
has already been extended to many other settings, for example several 
complex variables [1], slice-holomorphic functions [4], and hyperholo- 
morphic functions, |11L I12L I13L [5]. In this final chapter of our work, 
we show how these same ideas can be extended in a very successful 



way to the case of bicomplex spaces, and we consider, in this setting, 
Blaschke factors, the Hardy spaces, and the notion of Schur multiphers 
and their reahzations. 

The Mexican authors have been partially supported by CONACYT 
projects as well by Instituto Politecnico Nacional in the framework of 
COFAA and SIP programs; they are also grateful to Chapman Univer- 
sity for the support offered in preparing this work. 



CHAPTER 1 
Bicomplex and hyperbolic numbers 

1.1. Bicomplex numbers 

The ring of bicomplex numbers is the commutative ring BC defined as 
follows: 



:= {Z = zi + Z2J I zi, Z2 e C(i) } 
where i and j are commuting imaginary units, i.e., 



2 -2 1 



and C(i) is the set of complex numbers with the imaginary unit i. 
Observe that for the particular case where Zi = Xi and Z2 = X2 are real 
numbers, Z = Xi + X2J is a complex number with the imaginary unit 
j. Since the two imaginary units i and j coexist inside BC, in what 
follows we will distinguish between the two sets of complex numbers 
C(i) and C(j). Note also that since (ij)^ = 1, if zi = xi is real and 
-22 = 1/2 i is a purely imaginary number, one has that Z = xi + y2ij is 
an element of the set D of hyperbolic numbers, defined as 

B:= {a + bk\a,beR, k^ = l, k^R}. 

Thus the subset {a;i + |/2ij I Xi,y2 G M} in BC is isomorphic (as real 
algebra) to D and can be identified with it. 

We will soon see that in addition to containing two copies of the com- 
plex numbers, the whole set BC has many deep similarities with the set 
of complex numbers although, of course, many differences, sometimes 
quite striking, arise also. 



1.2. Conjugations and moduli. 

Any bicomplex number can be written in six different ways, wliicli are 
relevant for wliat follows. 

Z = (a;i + i|/i) + (x2 + it/2)j =: ^i + ^2J 

= ixi + X23) + {yi+y23)i =■ ^1 + ^/21 

= (a:i + iJl/2) +j(a:2 -ijl/i) =:3i+J32 
(1.1) 

= (a;i + ijy2) + i(yi -ija;2) =: fi + ij:2 
= (xi + iyi) + ii{y2-ix2) =■■ ai + ka2 

= (a;i+ja;2) + ij(i/2 -jyi) =: '^i + kz/2, 

where zi, Z2, ai, ^2 e C(i), r]i r]2, 1^1, 1^2 & C(j) and 31 , 32, fi, f2 e D- 
We present all these representations of bicomplex numbers not only for 
completeness but also because all of them manifest themselves in the 
study of the structure of the modules with bicomplex scalars. We will 
later introduce one more representation, known as the idempotent rep- 
resentation of a bicomplex number. 

Since BC contains two imaginary units whose square is —1, and one 
hyperbolic unit whose square is 1, we can consider three conjugations 
for bicomplex numbers in analogy with the usual complex conjugation: 

(l) Z ■.= Zi + Z2i (the bar-conjugation); 
(11) Z'^ := zi — Z2J (the f-conjugation); 
(ill) Z* := [Z) = (Zt) = zi -^2J (the *-conjugation), 

where zi,Z2 denote the usual complex conjugates to -21,2:2 in C(i). 

Let us see how these conjugations act on the complex numbers in C(i) 
and in C(j) and on the hyperbolic numbers in D. If Z = Zi & C(i), 
i.e., Z2 = 0, then Z = Zi = Xi + iyi and one has: 

Z = Zi = Xi — iyi = zl = Z*, Z'^ = z\ = Zi, 

that is, both the bar-conjugation and the *-conjugation, restricted to 
C(i), coincide with the usual complex conjugation there, and they both 
fix all elements of C(i). 



10 



If Z = Tji belongs to C( j), that is r^i = a;i + X2 j, then one has: 

f]i = r]i, r]l= Xi-X2 3=r]l, 

that is, both the *-conjugation and the f-conjugation, restricted to 
C(j), coincide with the usual conjugation there. In order to avoid any 
confusion with the notation, from now on we will identify the conju- 
gation on C(j) with the *-conjugation. Note also that any element in 
C( j) is fixed by the bar-conjugation. 

Finally, ii Z = xi + ijy2 & D, that is yi = X2 = 0, then 

Z = xi-ijy2 = Z\ Z* = Z, 

Thus, the bar-conjugation and the f-conjugation restricted to D co- 
incide with the intrinsic conjugation there. We will use the bar- 
conjugation to denote the latter. Note that any hyperbolic number 
is fixed b the ^-conjugation. 

Each conjugation is an additive, involutive, and multiplicative opera- 
tion on BC: 

(l) {Z + W) = Z + W; {Z + Wy = Z^ + W^; 

{z + wy = z* + w*. 
{ii)l = z; {z^y = z; {z*y = z. 

(ill) {Z-W) = Z-W; {Z-Wy = Z^ -W^; {Z-Wy = Z* -W*. 
Thus, each conjugation is a ring automorphism of BC 

In the complex case the modulus of a complex number is intimately 
related with the complex conjugation: multiplying a complex number 
by its conjugate one gets the square of its modulus. Applying this 
idea to each of the three conjugations, three possible "moduli" arise in 
accordance with the formulas for their squares: 

• \Z\? ■.= Z-Z^ = z\ + zl 

= (laiT + br) +j {h}2-hJ^) 

= {\n\^ - If2p) +i (flf2+ fif2 ) 
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a^ — ttn 



= (ki|'-k2|')-i2/mKz/2)GC(i); 

• |Z|| := Z ■ Z = ( l^ip - 1^21') + 2 Re (z, ^2 ) j 

= VI + V2 

= (l3iP- l32n +j (3132+ 3i32 ) 

= (1?!^ + |f2H +i (fij:2 - flf2) 

= (|aip - |Q;2p) + k (a2"i - ttitt2) 

= z/i2-z/2'eC(j); 

• \Z\l ■.= Z-Z* = { l^ip + |z2p) - 2 Jm (^1 ^2 ) k 

= ilvil^ + \il2\'^) -2Im{r]ir]2)k 

= dl + dl 

= f ? + f i 

= ( |a;ip + |a2p) + k (Q;2ai + Q;ia2) 

= (kiP + k2p) + k (z/iZ/2* + Z/2Z^l) GD, 

where for a complex number z (in C(i) or C(j)) we denote by |z| its 
usual modulus and for a hyperbolic number 3 = a + 6k we use the 
notation I3P = a^ — 6^. 

Unlike what happens in the complex case, these moduli are not M"*"- 
valued. The first two moduli are complex- valued (in C(i) and C(j) 
respectively), while the last one is hyperbolic- valued. These moduli 
nevertheless behave as expected with respect to multiplication. Specif- 
ically, we have 

\Z-W\? = \Z\?-\W\?; 

\Z-W\'j = iZl'j-lWlj; 
12 



\z-w\l = \z\l-\w\i. 

Remark 1.1. The hyperbolic- valued modulus |Z|k of a bicomplex 
number Z satisfies 

\Z\l= {\zi\^ + \Z2\'^) + i-2Im{ziZ2)) k=:a + bk, 
where a and b satisfy the inequalities 

a^ - 6^ > and a > 
(this is a consequence of the fact that | Im (-Zi ^2 ) I < kil ■ |-^2|)• 
This remarks justifies the introduction of the set of "positive" hyper- 
bolic numbers: 

D+ := {a + 6k I a^ - 6^ > 0, a > } , 

so that \Z\1_ E D+. Such a definition of "positiveness" for hyperbolic 
numbers does not look intuitively clear but later we give another de- 
scription of D+ that clarifies the reason for such a name. It turns out 
that the positive hyperbolic numbers play with respect to all hyperbolic 
numbers a role deeply similar to that of real non negative numbers with 
respect to all real numbers. 



1.3. The Euclidean norm on 

Since none of the moduli above is real valued, we can consider also the 
Euclidean norm on BC seen as C^(i) = { (-Zi, -22) | -^i + -^2 j £ KC }, as 
C^(j) = {(^1,^2) I 771 + 7721 e BC}, or as M"^ = {{xi,yi,X2,y2) \ xi + 
+ iyi + JX2 + ki/2 G BC }. This Euclidean norm is connected to the 
properties of bicomplex numbers via the D+-valued modulus as follows: 

x'^ + yj + xl + y^ = a/N^T1^^ 



Vi\' + \m\' = ^/Re{\Z\l). 

It is easy to prove (using the triangle inequality) that, for any Z and 
U in BC, 

(1.2) \Z ■U\<V2\Z\-\U\. 

We can actually show that if f/ G BC is arbitrary but Z is either a 
complex number in C(i) or C(j), or a hyperbolic number then we can 
say something more: 

a) iiZ e C(i) or C(j) then \Z ■ U\ = \Z\ ■ \U\; 

13 



b) if Z eB then 

|Z-f/|2 = IZI"^ ■ \U\'^ + 4xiy2 Re{iuiU2) 

where Z = xi + k|/2 and U = ui + j'U2. 
We will prove these two properties in the next section. 

1.4. Idempotent decompositions 

Since for any bicomplex number Z = Zi + Z2J it is 

Z-Z^ = zl + z^ GC(i), 

it follows that any bicomplex number Z with |Z|i 7^ is invertible, and 
its inverse is given by 



If, on the other hand, Z ^ but \Z\i = then Z is a zero divisor. In 
fact, there are no other zero divisors. 

We denote the set of zero divisors by &, thus 

&:= {Z\Z ^0, zf + zi = 0}. 
It turns out that there are two very special zero divisors. Set 

e:=2 (1 + iJ)' 



then its f-conjugate is 



e* = i(l-ij 



It is immediate to check that 



,2 
e" = e 



2--- (et) =et; e + et = l; 



e* = e, (e"^)* = e"^; e ■ e"^ = . 

The last property says that e and e"!" are zero divisors, and the first three 
mean that they are mutually complementary idempotent elements. 

Thus, the two sets 

lCe:=e-BC and BCet:=e^-BC 
are (principal) ideals in the ring BC and they have the properties: 

BCe n BCet = {0} 
14 



and 

(1.3) BC = lCe + BCet. 



We shall call (1.3) the idempotent decomposition of BC, and we shall 
see later that bicomplex modules inherit from their scalars a similar 
decomposition. Of course, both ideals BCe and BCet are uniquely 
determined but their elements admit different representations. In fact, 
every bicomplex number Z = {xi+iyi) + (x2 + 11/2) = ^1 + ^2 j can be 
written as 

(1.4) Z = zi + Z23 = Pie + P2e\ 
where 

(1.5) /3i = zi-iz2 and /32 = Zi + iz2, 

are complex numbers in C(i). On the other hand, Z can also be written 
as 

(1.6) Z = 771 + 7721 = 7ie + 72e''' 



) 



where rji := Xi + X2J, r/2 := Vi +y2J, 7i := Vi -JV2, 72 = ^1 +j'72 are 



complex numbers in C(j). Each of the formulas (1.4) and (1.6) can be 
equally called the idempotent representation of a bicomplex number. 
More specifically, (1.4[) is the idempotent representation for BC seen 



as C^(i) := C(i) x C(i) and (1.6) is the idempotent representation for 
seen as C^(j) := C(j) x C(j). Usually, (see for instance 



) only the representation (|1.4) is considered, but we see no reason 



to restrict ourselves just to this case: the consequences are similar but 
different. 

It is worth pointing out that 

/3i e = 7i e and (32 e"'' = 72 e''' 

although Pi and P2 are in C(i), while 71 and 72 are in C(j). More 
specifically, given (3i = Re f3i + ilm f3i, the equality 

/3i e = 7i e 

is true if and only if 

7i = Re(3i -j/m/3i. 

Similarly if /52 = -Re /32 + i Irn (32, the equality 

P2 e^ = 72 e^ 

is true if and only if 

72 = Re (32 + j Im (32- 

15 



Altogether decomposition (1.3) can be written in any of the two equiv- 
alent forms: 

BC = C(i) ■ e + C(i) ■ e^ ; 

IC = C(j) ■ e + C(j) ■ e^ . 

If BC is seen as a C(i)-linear (respectively, a C(j)-linear) space then 
the first (respectively, the second) decomposition becomes a direct sum. 

It is usually stated that the idempotent representation is unique which 
seems to contradict to our two formulas. But the matter is that each 
of (1.4) and (1.6) is unique in the following sense. Assuming that a bi- 
complex number Z has two idempotent representation with coefficients 

inC(i): Z = /3ie + /32e"^ = r^i 6 + 7726"!' with /3i, P2, Vi, V2 e C(i) then it 
is easy to show that /3i = r/i and (32 = tj2] similarly Z = 71 6 + 72 6"!" = 
,^1 6 + ^2 e"!" with 7i, 72, ^1, .^2 e C(j) implies that 71 = ^1 and 72 = 6- 

Note that formula (1.4[) gives a relation between the two bases {1, j } 



and {6, 6''' } in the C(i)-linear space 



C (i). One has the following 



transition formula using the matrix of change of variables: 

2 2 
(1.7) 

Note that the new basis {6, 6"'' } is orthogonal with respect to the Eu- 
clidean inner product in C^(i) given by 

((zi, Z2) , (mi, U2) )c2(i) := ZiUi + Z2U2 , 

1 i 

2' 2 
1 i ' 

2' ^2 



for all (2:1,2:2), {ui,U2) G C^(i) . Indeed, since 6 
as elements in C^(i), we have: 



and 6^ 



(e,et> 



C2(i) 



and (6, 6 ) 



C2(i) 



(et,et> 



C2(i) 



1 
2 



and so {6, 6"'' } is an orthogonal but not orthonormal basis for C^(i). 
As a consequence one gets: 



:i.i 



\VW\ 



m' 



Formula (1.6 ) can be interpreted analogously. Now we have BC = C^(j) 
and two bases in it as C(j)-linear space are {1, i } and again(!) {6, 6"'' }. 
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Note that e and e^ form a basis in both C^(i) and C^(j). The basis 

/I M 

2 2 
{e, e"'' } remains orthogonal in C^(j) with transition matrix 

\ 2j 2j / 

and if Z = 7i e + 72 e^", 7i, 72 G C(j), then 



;i.9) 



\Z\ = -^Vl7iP + l72 



A major advantage of both idempotent representations of bicomplex 
numbers is that they allow to perform the operations of addition, multi- 
plication, inverse, square roots, etc. component-wise. For more details 
see, e.g., j39j. 



Let us come back to properties a) and b) in Section 1.3 We prove first 



a). Indeed, take Z = zi E C(i) and U = ui + M2J = (mi — 1^2) e + 
(ui + 1^2) e''', then 



\Z-U\ 



Zi{Ui+U2}) 



ZiUi P +\ziU2 P 



[ZiUi) + [ZiU2)^ 



zi?-\U 



and the first part of property a) is proved. As to the second part, take 

Z = xi + X2 j = (xi — 1x2) e + (xi + 1x2) e"'' G C(j), then 

|Z-[/|2 = I ((xi-ix2)e+(xi + ix2)et) ■ 

• ((mi - 1^2) e + (mi + 1^2) et) p 
= |(xi - ix2)(ni - in2)e+ (xi + ix2)(ui + \U2)e^\'^ 

= - (|xi - ix2p ■ \ui - iM2p + |xi + ix2p ■ \ui + i'U2p) 

= \z\'-\u\\ 

thus property a) is proved. Finally, in order to deal with property b), 
take Z = xi + 1/2 i j = (a^i + 2/2) e + (xi — 2/2) e"!^ G D, then 
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\Z-U\^ = |(Xi+t/2ij)-K+tX2J)P 

= I (a^i + 1/2) ■ (mi - m2) e + (x^ - 1/2) ■ (^i + 1^2) e^ | 

= 2 (*^^i "^ ^2)^ ■ 1^1 - iw2p + (a;i - 1/2)^ ■ |mi + 1^21^) 

= \Z\^-\U\^ + 4xiy2Re{iuiU2). 

In the next sections we will need the mappings: 

7ri,i, 712,1 ■■ BC -^ C(i) 

given by 

7r,,i(Z) = ne,i{f3^ e + /32 et ) := /3, G C(i) . 

These maps are nothing but the projections onto the "coordinate axes" 
in C^(i) with the basis {e, e"!" }. Completely analogously one has the 
mappings 

TTij, 7r2,j : IC ^ C(j) 
given by 

7r^j(Z) = 7r^j(7i e + 72 e'f ) := 7^ G C(j) , 

which are now the projections onto the coordinate axes in C^(j) with 
the same basis {e, e"!" }. 

Finally, using the cartesian representations for any Z G BC: 

Z = (xi + i X2) + {yi + i 1/2) j = ^1 + 22J 

= ixi+]yi) + ix2+jy2)i = Vi+V2i, 
we define two more projections 

ni,i, n2,i : IC -^ C(i) and Hij, 02 j : IC -^ C(j) 

given by 

Ue,i{Z) = n,,i(zi + Z23 ):=z,e C(i) , 
and 

n,,j(Z)=n,,j(r7i + r72i):=r7, GC(j). 

The properties of the operations with bicomplex numbers immediately 
imply the following equalities for any Z, W & BC: 

(a) 7re,i{ZW) = ne,i{Z)ne,i{Wy, 

(h)7r,,i{ZW) = ne,i{Z)7r,,i{Wy, 

(c)VAGC(i), 7r,,i(A) = A; ni,i(A) = A, n2,i(A) = 0; 
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(d) V/i G C(j), 7r^j(/i)=/i; nij(/i) = /x, n2,j(/i) = 0; 

(e) vTi^i = Ili^i - i n2,i ; vr2,i = Ili^i + i n2,i ; 

(f ) TTi, j = Hij - j n2 j ; 7r2, j = Hij + j n2 j ; 

(g) ni,i = - (7ri,i + 7r2,i) ; n2,i = - (tti,; - 7r2,i); 

(h) Hij = - (ttij + 7r2j) ; n2,j = - (ttij - 7r2,j). 
We leave the verification of these properties to the reader. 



1.5. A partial order on D and a hyperbolic— valued norm 

Let us describe some properties that hyperbolic numbers inherit from 
bicomplex ones. First of all we note that both e and e''" are hyper- 
bolic numbers. More importantly, the idempotent representation of 
any hyperbolic number a = a + 6 k is 

q; = z/ e + yU e^ , u, fi eM., 

with i' = b + a, n = b — a. It is also immediate to see that 

D+ = {z/e + ziel" I z/, /i > 0} . 

Thus positive hyperbolic numbers are those hyperbolic numbers whose 
both idempotent components are non negative, that somehow explains 
the origin of the name. 

On Fig. 1 the points {x, y) correspond to the hyperbolic numbers 
Z = x + ky. One sees that, geometrically, the hyperbolic positive num- 
bers are situated in the quarter plane denoted by D"''. The quarter 
plane symmetric to it with respect to the origin corresponds to the 
"negative" hyperbolic numbers, i.e., to those which have both idem- 
potent components negative. The rest of points corresponds to those 
hyperbolic numbers which can not be called either positive or negative. 

Let us now define in D the following binary relation: given ai, 0:2 G D, 
we write ai<a2 whenever 0:2 — ai G D+. It is obvious that this relation 
is reflexive, transitive and antisymmetric, and that therefore it defines 
a partial order on D. With abuse of notation, we will say that 0:2 is 
D-larger (D-less respectively) that ai if ai < ^2 (^2 < cti respectively). 
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Figure 1. 



Observe that given r, s G M, then r < s if and only if r < s, that is, 
the partial order < is an extension of the total order < in M. In fact, 
< defines a total order on any line through the origin in D. 




Figure 2. 
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On Figure 2, Zq = xo + kyo is an arbitrary hyperbolic number, and one 
can see that the entire plane is divided into: the quarter plane of hyper- 
bolic numbers which are D-greater that Zq {Z > Zq); the quarter plane 
of hyperbolic numbers which are D-less than Zq {Z < Zq); and the two 
quarter planes where the hyperbolic numbers are not D-comparable 
with Zq (neither Z > Zq nor Z < Zq holds). 

Remark 1.5.1. While the notion of positive hyperbolic number may 
not appear immediately intuitive, one can see its relation to a two- 
dimensional space time with the Minkowksi metric. Specifically, con- 
sider a one-dimensional time, say along the x— axis, and a one dimen- 
sional space along the y— axis. Embed both axes in the hyperbolic 
space D. Finally, assume the speed of light to be normalized to one. 
Now, the set of zero-divisors with a; > represents the future of a ray of 
light being sent from the origin towards either direction. Analogously, 
the set of zero-divisors with x < represents the past of the same ray 
of light. Thus, positive hyperbolic numbers are nothing but the future 
cone, i.e. they describe the events that are in the future of the origin, 
while the negative hyperbolic numbers are the past cone, i.e. they are 
the events in the future of the origin. Within this interpretation, we 
see how the set of hyperbolic numbers larger than a given hyperbolic 
number Z represent the events in the future of the event represented 
hjZ. 

Given a subset A in D, we can now define a notion of D-upper and 
D-lower bound, as well as the notions of a set being D-bounded from 
above, from below, and finally of a D-bounded set. If ^ C D is a set 
D-bounded from above, we define the notion of its supremum, supoA 
as usual to be the least upper bound for A. However, it is immediate to 
note that one can find a more convenient expression for it, as indicated 
in the following remark. 

Remark 1.5.2. Given a set ^ C D, D-bounded from above, consider 
the sets Ai := { ai | aie-|-a2e"l' E A} and A2 := { 02 | aie-|-a2e'l" E A}. 
Then the supjj A is given by 

supjj^ := sup ^1 • e + sup A2 ■ e'' . 

We have previously defined the hyperbolic modulus |Z|^ of any Z G BC 
by the formula \Z\1^ := Z ■ Z*. Thus, writing Z = Pie + ^2^^ one has 
that |Z|^ = |/3ipe -|- |/32pe'l", and taking the positive squares roots of 
each coefficient we have that 

|^|k:=|/3i|e+|/32|et. 
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That is, we have a map 

I ■ Ik : BC — ^ D+ 

with the following properties: 

(l) |Z|k = if and only if Z = 0; 

(ll) \Z ■ W\], = \Z\k ■ \W\k for any Z,W e 

(III) \Z + W\^<\Z\^ + \W\^. 
The first two of them are clear. Let's prove (ni). 

\Z + W\^ = |(/3i + z/i)-e + (/32 + i^2)-et|k 
= |/3i + z/i|-e+|/32 + z/2|-et 
< (|/3i| + |zyi|).e + (|/32| + |z/2|)-et 

= l^lk+lW^lk. 

It is on the basis of these properties that we will say that | ■ |k is the 
hyperbolic-valued (D-valued) norm on the BC-module 



It is instructive to compare (ll) with (1.2) where the norm of the pro- 
duct and the product of the norms are related with an inequality. We 
believe that one could say that the hyperbolic norm of bicomplex num- 
bers is better compatible with the algebraic structure of the latter 
although, of course, one has to allow hyperbolic values. 

Remark 1.5.3. 

(1) Since for any Z G BC it holds that 

(1.10) \Z\k<V2-\Z\ 

with \Z\ the Euclidean norm of Z, one has: 

\Z-W\k<V2-\Z\-\W\i,. 

In contrast with property (ll), the above inequality involves 
both the Euclidean and the hyperbolic norms. 

(2) Take 7 and u in D"*", then clearly 

(1.11) 7<z/ =^ I7I < kl- 
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(3) Note that the definition of hyperbohc norm for a biconiplex 
number Z does not depend on the choice of its idempotent 
representation. We have used, for Z G BC, the idempotent 
representation Z = (3ie + f32e^ , with /3i, (32 G C(i). If we 
would have departed from the idempotent representation Z = 
7ie + 726^ with 7i, 72 G C( j) then we would have arrived at 
the same definition of the hyperbolic norm since |/3i| = |7i| 
and I/32I = |72|- 

The comparison of the Euclidean norm | Z \ and the D- valued norm \Z\i^ 
of a bicomplex number gives 

(1-12) Pikl = 2 /^TFTWF = \z\ 

where the left-hand side is the Euclidean norm of a hyperbolic number. 

Definition 1.5.4. A sequence of bicomplex numbers {Zn}n&N con- 
verges to the bicomplex number Zq with respect the hyperbolic-valued 
norm | ■ |k if for all e > there exists A^ G N such that for all n > A^ 
there holds: 

\Zn — ZQ\]f^< e. 



From inequality (1.10) and equality (1.12), it follows that a sequence 



{Zn}neN converges to the bicomplex number Zq with respect the hyperbolic- 
valued norm if and only if it converges to Zq with respect to the Eu- 
clidean norm, and so even though the two norms cannot be compared, 
as they take values in different rings, one still obtains the same notion 
of convergence. 

It is possible to give a precise geometrical description of the set of 
bicomplex numbers with a fixed hyperbolic norm, that is we want to 
introduce the "sphere of hyperbolic radius 70 inside BC". In other 
words, given 70 = aoe + 60^^ (see Figure 3) we are looking for the set 

§^„:={ZgBC| |Z|k = 7o}. 
First note that, if one of a^ or 60 is zero, let's say 70 = cto ■ e, then 

S70 = {Z = (3i-e\ |/3i| = ao}, 

and this set is a circumference in the real two-dimensional plane BCe 

with center at the origin and radius —^ = |ao ■ e|. Similarly, if 70 = 

V2 

60 ■ e^, the set S^g is a circumference in BCet with center at the origin 
and radius —;= = Ibn ■ e^\. 
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If ao 7^ and &o 7^ then the intersection of the hyperbohc plane D and 
the sphere S^^ consists of exactly four hyperbolic numbers: ±aoe±6oe^ 
where the plane D touches the sphere tangentially. What is more, in 
this case the sphere S^(, is the surface of a three-dimensional torus, 
which is obtained by taking the cartesian product of the two circum- 
ferences, one in the plane BCg (see Figure 5), the other in the plane 

BCgt (see Figure 6), both centered at zero and with radii — r= and ^^ 

v2 v2 

respectively: 



-"70 



{/3i-e + /32-et : \(3^ 



ao, 



1/321 =60} 



See Figures below. 



\ 7„ = a„e + 6„et 




Figure 3. 
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Figure 4. 




Figure 5. 
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Figure 6. 
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CHAPTER 2 
Bicomplex functions and matrices 

2.1. Bicomplex holomorphic functions 

The notion of bicomplex holomorphic functions has been introduced a 
long ago and we refer to the reader to the introduction of the book [38] 
and the book by itself can serve as a first reading on this subject. For 
the latest developments see [36j and |37j . In this Section we present a 
summary of the basic facts of the theory which will be used in the last 
chapter. 

The derivative F'{Zq) of the function F : Vt C BC — t- BC at a point 
Zq G fi is defined to be the limit, if it exists, 

(2.1) F(Z„):= 1„„ nZ. + H)-Fi,Z,) 

for Zq in the domain of F such that H = hi + jh2 is an invertible 
bicomplex number. In this case, the function F is called derivable at 
Zo. 

In analogy with holomorphic functions in one complex variable the 
Cauchy-Riemann type conditions arise where now the complex, not 
real, partial derivatives participate. More explicitly, if we consider a 
bicomplex function F = fi + j/2 derivable at Zq, then we have that the 
complex partial derivatives 



hi^Q hi 



F'(Zo)= hm 



F{Zo+jh2)-F{Z, 



0) 



exist and verify the identity: 

(2.2) f'(Zo) = f;(Zo) = -jf;(Zo), 

which is equivalent to the complex Cauchy-Riemann system for F (at 
Zo): 

(2.3) {fit (Zo) = U2I, (^0) , (/i)l, {Zo) = - {h):, {Zo) . 
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Of course, if F has bicomplex derivative at each point of f2, we will say 
that F is a bicomplex holomorphic, or BC-holomorphic, function. 



For a BC-holomorphic function F, formulas (2.3) imply that 



OF OF 

(2.4) li:(^°) = li^(^°) = °' 

i.e., 

d d 

where the symbols tt^ and -—r- are the commonly used formal opera- 

OZi dZ2 

tions on functions of Zi and ^2- 

This means in particular that F is holomorphic with respect to zi for 
any Z2 fixed and F is holomorphic with respect to Z2 for any zi fixed. 
Thus, see for instance |29[ pages 4-5], F is holomorphic in the classical 
sense of two complex variables. This implies immediately many quite 
useful properties of F, in particular, it is of class C°°{Q). 

In one complex variable there exist two mutually conjugate Cauchy- 
Riemann operators which characterize the usual holomorphy. Since in 
BC there exist three conjugations, it turns out that there exist four 
bicomplex operators which characterize in a similar fashion the 
holomorphy. They are: 

d I f d . d \ d I f d . d 



(2.6) 



dZ ' 2 V^^i dz2j ' azt ■ 2 \dzi •'dz 

d 1/(9 . d \ d 1/(9 .(9 



i2 



dZ ■ 2 V^^i ^dz2) ' dZ* ' 2 \dzi ^ dz2 



Theorem 2.1.1. Given F e C^(fi,BC), it is BC-holomorphic if and 
only if 

dF dF OF 

OF 
holds on Vt. Moreover, when it is true one has: F\Z) = ——(Z). 

oz 

Let us see now how the idempotent representation of bicomplex num- 
bers becomes crucial in a deeper understanding of the nature of BC- 
holomorphic functions. Take a bicomplex function F : fi C BC — ;■ BC 
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with Q being a domain. We write all the bicomplex numbers involved 
in idempotent form, for instance, 

Z = l3ie + I32e^ = {£i + imi)e + (£2 + im2)e^ , 
F{Z) = Gi{Z)e + G2{Z)e\ 

H = r]ie + 7726"'' = {ui + 'wi)e + (1x2 + 'w2)e'^ . 

Let us introduce the sets 

Qi := {/3i I /3ie + f32e^ e Q} C C(i) 

and 

fi2:={/32|/3ie + /32e^Gfi}cC(i). 
It is direct to prove that Qi and ^2 are domains in C(i). 

Theorem 2.1.2. A bicomplex function F = Gie + G2e'< : 1] c IC -> 
BC of class C^ is BC-holomorphic if and only if the following two 
conditions hold: 

(I) The component Gi, seen as a C(i)-valued function of two com- 
plex variables (/3i,/32) is holomorphic; what is more, it does 
not depend on the variable P2 and thus Gi is a holomorphic 
function of the variable /3i. 
(II) The component G2, seen as a C(i)-valued function of two com- 
plex variables (/3i,/32) is holomorphic; what is more, it does 
not depend on the variable /3i and thus G2 is a holomorphic 
function of the variable ^2- 



Corollary 2.1.3. Let F be a BC-holomorphic function in Vl, then F 
is of the form F{Z) = G'i(/3i)e + G'2(/32)e'^ with Z = /3ie + l32e^ e n 
and its derivative is given by 

F'(Z) = e.G;(/3i) + et.G'2(/32), 
or equivalently: 

F'{zi +JZ2) = e ■ G[{zi - iz2) + e^ ■ G'^izi + ^2) . 
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2.2. Bicomplex matrices 

We will denote by BC™^" the set oi m x n matrices with bicomplex 
entries. For any such matrix A = (aij) G BC"^^", it is possible to 
consider both its cartesian and idempotent representation, which are 
obtained by accordingly decomposing each of its entries so that, for 
example, we have 

where M,;, ^2,i e C™^"(i) and ^ij, ^2j e C™^"(j). 

Of course the set BC™"^" inherits many structures from BC It is 
obviously a BC-module (a concept that will be discussed in detail in 
the next chapter) such that 

^£mxn ^ C'"X"(i) . e + €"^^"(1) ■ et 

where the summands are BC-submodules of BC'"^". In particular, 
given ^ e €"^"(1) then ^ • e G C™^"(i) • e and et • (^ • e) = 0„xn- 

As in the scalar case, the operations over the matrices in the idempotent 
decomposition can be realized component-wise (though keeping in mind 
the non-commutativity of matrix multiplication). 



Proposition 2.2.1. Let A be an n x n bicomplex matrix 

A = ^i,ie + £^,ie^ = ^ije + £^je^ 
Then its determinant is given by 

detA = det£/i^i e + det£/2,i e^ = rfet^/ij e + rfet^j e^ 

Proof: 

The proof can be done by induction on n. In the case n = 2 this is 
immediately demonstrated by the following easy calculation: 
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0.11 ^12 

detA = det | | = 011022 — ^12021 

^21 C^22 

= {a[^e + a'l^e'') (0226 + 022^"^) 

III I I \ . I II II II II \ f 

= («ii«22 - «i2a2i) e + (011022 - 012021) e' 

where the idempotent decompositions may be taken with coefficients 
either in C(i) or in C(j). For the general case, one can simply use the 
Laplace theorem, that gives the general formula for the determinant of 
an n X n matrix in terms of the determinants of suitable (n — 1) x (n — 1) 
matrices. D 

An immediate consequence of this result, is the Binet theorem for bi- 
complex matrices. 

Corollary 2.2.2. Let A, and B be two square bicomplex matrices. 
Then 

det{AB) = detA ■ detB. 

Proof: 

By using the previous result, we see that 

det{AB) = det ( (^/i,; e + £/2,i e'^) (^i,i e + ^2,i e"^) ) 

= det (^i,i^i,i e + £/2,i^2,i e"^) 

= det (^i,i^i,i) e + det (£/2,i^2,i) e"^ 

= det£/i^i ■ det^i^i e + det£/2,i ■ det^2,i e^ 

= [dets^i^i e + det£^2,i e^) [det^i^^ e + det^2,i e^) 

= detA ■ detB , 

where one can take ^ij, -^^j, ^1,3-, ^2,3 instead of their C(i)-coun- 
terparts. This concludes the proof. D 
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Analogously, one can use the idempotent representation of a bicomplex 
matrix to determine its invertibility. 

Proposition 2.2.3. Let A = s^x.s.^ ^ s^2,\^^ = ^/ij e + £/2,j e'l' e 
IC"^", M,i, i4,i e C"^"(i), i^ij', ^2,j e C"^"(j) be a bicomplex 
matrix. Then A is invertible if and only if ^i i and ^2,1 are invertible 
in C"^"(i) and ^ij, ^j are invertible in ^^^"(j). 

Proof 

A matrix A is invertible if and only if there exists B = ^i^\ e + ^2,i e^ G 
BC"^" such that AB = BA = I. This is equivalent to 

/Cnxn(i) e + /cnxn(i) eT = JbC" X " = -^^l^i ^l^i 6 + £^^i e^2,i G''^ 

= ^i,i ^i,i e + ^2,i ^2,i e'^ 

which is equivalent to ^i,i ^i,i = /c"xn(j) and £^2,\^2,\ = -^c"X"(i)- The 
same when one considers the invertibility of ^/ij and ^j. □ 

The following result is immediate. 

Corollary 2.2.4. A matrix A e BC"^" is invertible if and only if 
detA ^ 6 U {0}. 

We can naturally introduce three conjugations on each bicomplex ma- 
trix A = (aej) e BC™^", as follows: 

A^ := (aj^.) , A := (a,,) , A* := (a*^.) . 

It is immediate to prove that all the conjugations are multiplicative 
operations, that is, each of them applied to the product of two matri- 
ces becomes the product of the conjugate matrices. Obviously these 
conjugations are additive operations also. 

As usual, A* denotes the transposed matrix: 

A* = (ttje) , 1 <j <n, 1 <i<m, 

and we correspondingly have three adjoint matrices: 



A*t := (Af = {A^y = (at,) ; 
A''-^:=W) = {Ay = ia,e); 



A'* := {A'Y = {A*y = (a*,) . 

Since for any two compatible matrices one has that {ABY = B^A^, 
then (Afi)*t = 5*tA*t, {ABY^'"'' = B*^'"-' A*^'"-\ {ABY* = B^*A^*. 
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The idempotent representations 

^ = ^\,\ e + ^2,i e^ = ^\,i e + ^j e''' 
give: 

A = £^2,\ e + ^i,i e''^ = £^j e + ^/ij e^ , 

A* = ^i_i e + ^2,i e'^ = J2/ij e + j^j e''' , 

A* = £/li e + j^*; e^ = £/l^ e + ^2j e^ 
and hence 

A*t = ^* e + ^*i et = ^*! e + ^/=r e^ , 

Z,l 1,1 Z,J J_,J ' 

A*^"'- = :^2,i e + ^i*i e^ = ^4* j e + <^j e^ , 

A'* = '^'. e + :^2,i e^ = ^ij e + ^2j e^ • 

Similarly, we can define the notion of self-adjoint matrix, with respect 
to each one of the conjugations introduced above, specifically we will 
say that a matrix A is self adjoint if, respectively, it satisfies one of the 
following equalities. 

A = A'\ A = A*''"^ A = A'*. 

We can express these definitions in terms of idempotent components. 

(a) The matrix A is f-self-adjoint, or f-Hermitian, if and only if 

■«=^i,i = -^li, if and only if ^ij = s^l*^, 

which is true if and only if 

A' = A^; 

thus all f-self-adjoint matrices are of the form 

A = s^x,\ e + ^i*i e"^ = ^ij e + ^//j e"^, 

with s^x,\ an arbitrary matrix in C"^"(i), and ^i j any matrix 
in C"^"(j). Note that ^/j is the usual C(j) adjoint of ^/ij. 
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(b) The matrix A is bar-self-adjoint, or bar-Hermitian, if and 
only if 

which is true if and only if 

A' = A; 
thus all bar-self-adjoint matrices are of the form 

A = £/i^i e + ^i*i e'^ = £/ij e + £^1^ e\ 
with ^/i^i an arbitrary matrix in C"^"(i), and ^ij any matrix 
in C"'^"(j). Note that £/^ ; is the usual C(i) adjoint of ^i^i. 

(c) The matrix A is *-self-adjoint, or *-Hermitian, if and only if 



if and only if 



^l,i = -i^l i, ^2,i = ^2 i) 



/i,j = <j, ^2,j = <r; 



that is, both ^/i^i and £^^i are usual C(i) self-adjoint matrices, 
and both ^ij, ^j are usual C(j) self-adjoint matrices. 

2.2.5. In what follows we are interested in *-self-adjointness since this 
property implies a form of hyperbolic "positiveness" of bicomplex ma- 
trices which we will find quite useful. 

Definition 2.2.6. A *-self-adjoint matrix A e BC"-^'' is called hyper- 
bolic positive, if for every column c G BC"^, 

(2.8) c**-A-cGD+. 

In this case we write A> 0. Given two bicomplex matrices A, B, we 
say that A> B ii and only if A- B >0. 

Proposition 2.2.7. Let 

(2.9) A = Ai + iA2 = s^ie + £/2e\ 

be an element of BC", with Ai,A2,£/i and £^2 in €""^"(1). Then, the 
following are equivalent: 

(a) A>0. 

(b) Both £/i and £^ are complex positive matrices. 

(c) Ai > 0, the matrix A2 is skew self adjoint, that is, A2 + A2 = 0, 
and 

(2.10) -Ai<iA2<Ai. 
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Proof: 

Assume (a). Take a column c G BC" with representations 

c = ci +JC2 = Cle + C2e^ 
where the various columns are in C"(i). Then, 

(2.11) c**Ac = CiViCie + C2=^2C2e^ 

Thus, by definition, A>0 implies that both ^i and =2^ are C(i) positive, 
and (fe) holds. 

Assume (6). Since 

=2/1 = Ai - 1^2 and £^2 = ^1 + 1^2, 

then 

^1 = 2 K + -^2) > 0; 

moreover iy42 = Ai ~ ^i is self-adjoint, and hence A2 is skew self- 
adjoint. Furthermore, still in view of (6), 

Ai - iv42 > and Ai + \A2 > 0, 



and thus we obtain (2.10) and (c) holds. Finally when (c) holds, both 



the matrices J2/1 and j2^ are positive, and thus (a) holds as well in view 



of (2.11). D 



Proposition 2.2.8. Let A e BC"^". The following are equivalent: 

(1) A is hyperbolic positive. 

(2) A = B*^ ■ B where B G BC"^" for some m G N. 

(3) A = C^ where the matrix C is hyperbolic positive. 
Proof: 



Let A G BC"^"" be represented as in (2.9), and assume that (1) holds. 
Then, by the preceding theorem, we have ,2/1 > and ^ > 0, and 
thus we can write 

(2.12) afi = U^U and ^2 = vW, 

where U and V are matrices in C"^"(i). Thus A = B*^B with B : = 
Ue + Ve\ so that (2) holds with m = n. Assume now that (2) holds 
with B G BC"^"" for some m G N. Writing B = Ue + Ve^ , where now 
U and V both belong to C™^"(i) we have 

A = u'Ue + vWe\ 

35 



and so (1) holds. The equivalence with (3) stems from the fact that U 



and V in (2.12) can be chosen positive. D 



In the case of a complex matrix, it is equivalent to say that a positive 
matrix A is Hermitian and to say that its eigenvalues are positive. We 
now give the corresponding result in the setting of BC We note that 
the existence of zero divisors creates problems in an attempt to classify 
eigenvalues in general. For instance, take two non-zero elements a and 
b such that ab = 0. Then every c G BC such that 6c = is an eigenvalue 
of the matrix 

I with eigenvector ( , 
^a aj \b 

smce 

a a\ fb\ _ fb\ _ fO 
a a) [bj ~^\b) ~ \0 

There is however a relation between the eigenvalues and eigenvectors 
of a bicomplex matrix A and those of its idempotent components ^i 
and ^2- Indeed, let A = 71 e + 72 e"'' G BC \ {0} be an eigenvalue of A 
with a corresponding eigenvector u = Vi e + V2 e'' , then 



Au = Am, 



which is equivalent to 



»ifi = 71^1, 

^2^2 = 72 'y2- 

If A is not a zero divisor and i;i 7^ 0, f2 7^ then A is an eigenvalue of 
A if and only if 71 is an eigenvalue of ^i and 72 is an eigenvalue of ^2- 

Theorem 2.2.9. A matrix A e BC"^" is hyperbohc positive if and 
only if 

(1) y4 is ^-Hermitian; 

(2) none of its eigenvalue is a zero divisor in D"^. 

Proof: 

That A is hyperbolic positive is equivalent to the complex matrices 
^1, ^2 being positive, which is in turn equivalent to state that ^1 and 
s^2 are complex Hermitian and any of their eigenvalues is a positive 
number. Finally this is equivalent to say that A is *-Hermitian and 
that none of its eigenvalues is a zero divisor in D"*" . D 
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Corollary 2.2.10. A matrix A e BC"^" is hyperbolic positive if and 
only if: 

(1) A is *-Herniitian; 

(2) if A = Ai + j A2 is an eigenvalue for A, then Ai > 0, i A2 G M 
and 

-Ai < iA2 < Ai; 

Proof: 

This is because A = Ai + j A2 = 71 e + 72 e"!" with 71 = Ai — i A2 and 

72 = Ai + iA2. □ 

Remark 2.2.11. The last inequality in the statement of this corollary 
is equivalent to the system 

Ai -iA2 > 0, 

Ai + iA2 > 0. 

It is known that in the case of complex matrices every eigenvector 
corresponds to only one eigenvalue. This is not the case for bicomplex 
matrices. Specifically, a bicomplex eigenvector can correspond to an 
infinite family of bicomplex eigenvalues. 

We restrict our considerations to hyperbolic positive matrices. Let A 
be such a matrix, and let A = 71 e + 72 e''" be one of its eigenvalues (in 
particular A is a non zero divisor in D'^). First of all let us show that any 
such egenvalue has an eigenvector of the form u = V2e^ with f 2 G C"(i). 
Since 72 is an eigenvalue of ^2^, let V2 be a corresponding eigenvector: 
£^ f 2 = 72 f2- Consider u := f 2 e''^. Let us show that it is an eigenvector 
of A corresponding to the above A. Indeed, Au = ^2^2^'^ =72^26''" 
and A -u = 72 f 2 e''" , thus Au = Xu. 

Now we are in a position to show that this eigenvector corresponds to 
an infinite family of eigenvalues. For any r > set A^ := re + 726''', 
then XrU = 72f2e''' = Au. Hence the whole family { A^ | r > } 
consists of the eigenvalues of A with the same eigenvector u G BC^-f . 

We now study bicomplex *-unitary matrices, that is, matrices U G 

^nxn g^pj^ ^J^g^^ jju*t ^u*tu ^j 



Proposition 2.2.12. Let U = f/i +jf/2 = ^ie + ^26+ G BC"^". 
Then U is unitary if and only if its idempotent components are complex 
unitary matrices or, equivalently, its cartesian components satisfy 

f/i Ul + U2 Ul = Ul Ui + Ul U2 = In 
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and 

U2 ul = UiUl , ul U2 = ul Ui . 

Proof: _ _ _ _ 

Since t/** = f/^ —3U2 = ^1 e + ^2 ^^ then for the idempotent repre- 
sentation we have: 

^1 Wl e + ^2^2 e"^ = e J„ + e^ J„ 

and 

Wl ^1 e + Wl ^2 e'^ = e J„ + e"^ /„. 

This means that ^1 and ^2 are complex unitary matrices. 
Similarly for the cartesian representation we have: 

UiUl + U2UI + j (U2UI - UiUl^ = In, 

ul f/i + ul U2 + j (ul U2 - ul f/i) = /„, 

which means that 

Ul ul + f/2 ul = ul Ul + ul U2 = In 

and 

U2 ul = Uiul , ul U2 = ul Ul . 

The result follows. D 
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CHAPTER 3 
BC— modules 

3.1. BC— modules and involutions on them 

3.1.1. Let X be a BC-module. It turns out that some structural pe- 
culiarities of the set BC are immediately manifested in any bicomplex 
module, in contrast to the cases of real, complex, or even quaternionic 
linear spaces where the structure of linear space does not imply any- 
thing immediate about the space itself. 

Indeed, consider the sets 

Xe := e ■ X and Xet := e^ ■ X. 



Since 
and 


Xe n Xet 


= {0}, 








(3.1) 


X = Xe 


+ -^et , 








one can define two 


mappings 
P:X^X, 


Q:X-^X 








by 
Since 


P{x) := ex 


Q{x) := e^ X . 








P + Q = Idx, 


PoQ=QoP 


= 0, P^ = P 


and 


Q' 


= Q, 


then the operators 


P and Q are mutually complementary projectors 



Formula (3.1) is called the idempotent decomposition of X, and it 
plays an extremely important role in what follows. In particular, it 
allows to realize component-wise the operations on X: if x = ex + e'^x, 

y = ey + e^y and if A = Aie + A2e''' then x + y = {ex + ey) + (e'l'x + e'^y) , 
Ax = Aixe + A2xe"''. 

In what follows we will write Xc(i) or Xcy) whenever X is considered 
as a C(i) or C(j) linear space respectively. 

Since Xe and Xgt are M-, C(i)- and C(j)-linear spaces as well as BC- 
modules, we have that X = Xe © Xet where the direct sum © can be 
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understood in the sense of M-, C(i)- or C(j)-linear spaces, as well as 
BC-modules. 

Note that given w G X^ there exists x E X such that w = P{x) = ex 
which implies ew = e'^x = ex = w, i.e., any w G X^ is such that 
w = ew. Similarly if t G X^t, then t = e''" t. As a matter of fact these 
identities characterize the elements in Xg and Xgt : w G X^ if and only 
ii w = e ■ w and t G X^t if and only if t = e^ ■ t. 

In order to be able to say more about Xg and Xgt we need additional 
assumptions about X. First of all, we are interested in the cartesian- 
like decompositions of BC-modules connected with the analogs of the 
bicomplex conjugations. 

Definition 3.1.2. An involution on a BC-module X is a map 

Xn : X ^ X 

such that 

1) Xn{x + y) = Xn{x) + Xn{y) for any x, y G X; 

2) Xn^ = Ix , the identity map; 

and one of the following conditions holds for all Z G BC and 
al X G X: 

3a) Xn{Z x) = Z Xni,ar{x)', in this case we will say this is a bar- 
involution, and we will indicate it by the symbol Xriiyar'-, in 
particular we note that such an involution is C(j)-linear while 
it is C(i)-anti-linear and D-anti-linear; 

3h) Xn{Z x) = Z"^ Xn-^{x); in this case we will say this is a f- 
involution, and we will indicate it by the symbol Xrif, we note 
that such an involution is C(i)-linear while it is C(j)- and 
D-anti-linear; 

3c) Xn{Z x) = Z*Xn^,{x); in this case we will say this is a *- 
involution, and we will indicate it by the symbol Xn^,; we note 
that such an involution is D-linear while it is C(j)- and C(i)- 
anti-linear. 

Each of these involutions induces a corresponding decomposition in X. 
Let us briefly describe them, beginning with Xn^. Define 

Xi^l := {x E X \ Xrij x = x} and X2,\ := {a; G X | Xrij x = —x } . 

We then have the following result: 
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Proposition 3.1.3. With the above notations, it holds: 
(3.2) X = Xi,t + X2,t = Xi,t + j Xi,t . 

Proof 

We first show that jXij- = X2^]. Indeed if x G Xi,t, then Xn^{]x) = 
— jXn-|-(x) = — jx, that is, j x G ^2,1) which means that j -^i,t C X2,t- 
Conversely if -u; G X2,j, then Xnj{—jw) = jln^{w) = —jw. This 
imphes — j w = x G Xi^j or, equivalently, w = jx, thus 

Moreover, given x G X, define 

Xi := - (x + Xn-|- x) and X2 := - (x — Irij x) . 

Clearly Xi G Xi j-, X2 G X2,-|-, and x = Xi + X2 = Xi + j (— j X2), proving 
the claim. D 

We will say that Xi j- is the set of C(i)-elements in X since it is of 



course a C(i)-linear subspace of X. The representation (3.2) is a gen- 
eralization of the cartesian representation of BC. 

Note that any f-involution on a BC-module X is consistent with its 
idempotent representation. Specifically, if x G X, x = Xi+j yi, Xi, yi G 
Xi I we have that 

(3.3) x = e(xi -iyi) + e"^(xi + iyi). 

As we know the idempotent representation of a BC-module exists al- 
ways, but if the BC-module has also a f-involution which generates a 
cartesian decomposition, then both representations are related in the 
same way as it happens in BC. Note that both elements xi — iyi and 
Xi -|- iyi are C(i)-elements, and in general we cannot say more. 

Exactly the same analysis can be made for Tnf,ar, and Xn,,,. If we set 

Xi,6ar := { X G X I lUbarix) = X } 

(the set of C(j)-complex elements), and 

X2,bar := { X G X I Xriharix) = -X } , 

then, again, X2,i,ar = i Xi^bar and 

(3.4) X = Xi^bar + X2,6ar = Xl,bar + ^^Ifiar ■ 

This decomposition is also consistent with the idempotent one, since 
for X = Ml + 1^2 ^ X with Ui, U2 G Xi^ar there holds: 

(3.5) X = e(Mi - J-U2) + e"'' (mi +J-U2) • 
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If X has the two involutions Xn-|- and Tubar, then both decompositions 



(3.3) and (3.5) hold for any x G X; moreover 

e{ui -JM2) = e(xi -iyi] 



and 



e'^ (mi + j M2) = e'^ (xi + iyi] 



although not necessarily ui — JU2 = xi — iyi and mi + j ^2 = xi + iyi. 
Finally, for Xn^, we have: 

Xi^^ := {x e X \ In^{x) = x} 
(the set of hyperbolic elements), and 

X2,* := {x e X \ Xn^{x) = — x } , 
with X2,* = ijXi_* and 

The existence of the idempotent representation does not necessarily 
imply the existence of an involution. Note first that a f-involution 



exists if and only if the module X has a decomposition (3.2), hence, 
having only the hypothesis of the idempotent representation and trying 
to look for components Xi, X2 such that x = Xi + j X2, one is led to the 
system 

2ex = (l + ij)xi + (j -i)x2; 
(3.6) 

2etx = (1 -ij)xi + (j + i)x2. 

Since e and e''" are zero divisors there is no guarantee that the system 



(3.6) has a solution. 



3.2. Constructing a a BC— module from two complex linear 

spaces. 

Let Xi, X2 be C(i)-linear spaces. We want to construct a BC-module 
X such that, with suitable meaning of the symbols, 

(3.7) X = eXi + 6^X2. 

This means that we have to give a precise meaning to the symbols eXi 
and e"''X2. To this purpose, consider the C(i)-linear space eC(i) which 
is a C(i)-linear subspace of BC, and define the tensor products 

eXi :=eC(i) ®c(i) ^1 , 

and 

etX2:=etC(i)®c(i)^2. 
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It is clear that both eXi and 6^X2 are C(i)-hnear spaces. 

From the definition of tensor product any elementary tensor in eXi is 
of the form eA ® x with A G C(i), hence 

eX ^ X = e ® Xx = e ^ Xi. 

That is, any element in eXi is of the form e^Xi, with Xi G Xi, which 
we will write as exi. Similarly with e"''X2. 

Consider now the cartesian product eXi x e'''X2 where, as usual, eXi is 
seen as eXi x {0} and e^'X2 is seen as {0} x e'^X2. Since eXi x e"''X2 is 
an additive abelian group we have endowed the sum eXi + e"''X2 with 
a meaning: for any Xi G Xi, 0:2 G X2 

exi + e''x2 := (exi, e'x2) G eXi x e"''X2. 



Hence the right-hand side in (3.7) is defined already but for the moment 
as a C(i)-linear space only. Let's endow it with the structure of BC- 
module. Given A = /3ie + l32e'^ G BC and exi + e'^X2 G eXi + e"l"X2, we 
set: 

A(exi + 6^x2) = (/3ie + /32e"^) • (ea;i + 6^X2) := e(/3iXi) + e^{f32X2)- 

It is immediate to check that this is a well defined multiplication of 



the elements of eXi + e'''X2 by bicomplex scalars. Thus formula (3.7) 
defines indeed a BC-module. 



Of course, in complete accordance with Section 3.1, one has 

Xe := eX = eXi; 

Xet ■.= e^X = e^X2, 

While Xi and X2 are initially C(i)-linear spaces only, the new sets eXi 
and e"''X2 are C(j)-linear spaces as well, and therefore they become BC- 
modules. This is a consequence of the fact that since je = — ie and 
je'l' = ie"'', we can set 

j(exi) := e(— ixi) G eXi , Vxi G Xi ; 

j(e"'x2) := e"'(ix2) G e"'X2 , Vx2 G X2 . 

Notice that Xi and X2 are not, in general the "cartesian components" 
of a BC-module. Indeed, as before we can define JX2 := jC(i) ®c(i) ^2, 
and thus we may consider now the additive abelian group Xi + JX2. 
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Thus we are led to define the multiphcation by bicomplex scalars by 
the formula 

(^1 + ^2J) ■ (a;i +ja;2) := {ziXi - Z2X2) + 3(21X2 + Z2X1) 

= {ZiXi - Z2X2 , j{ZiX2 + Z2X1)) 

but the symbols ziXi — Z2X2 and Z1X2 + Z2X1 are meaningless. 

We could have obviously repeated the exact same procedure beginning 
with two C(j)-linear spaces, and construcing a new BC-module from 
them. This process, however, would not work if one starts with two 
hyperbolic modules. 
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CHAPTER 4 



Norms and inner products on BC— modules 



4.1. Real— valued norms on bicomplex modules 

In this section we consider a norm on a bicomplex module which ex- 
tends the usual properties of the Euclidean norm on BC. Another 
approach which generalizes the notion of D- valued norm on BC will be 
considered in the following section. 



Definition 4.1.1. Let X be a MC-module and let \\ ■ \\ be a norm on 
X seen as a real linear space. We say that \\ ■ || is a (real-valued) norm 
on the MC-module X if for any fx G BC it is 

< V2\i2\ 



\j2X\ 



\X\ 



This definition extends obviously property (1.2) but it does not enjoy 



necessarily the other properties of the Euclidean norm. This leads us 
to more definitions. 



Definition 4.1.2. A norm 
of C{i) -type if 

\\Xx\\ = lAI 



on a 



-module X is called a norm 



\x\ 



Definition 4.1.3. A norm 
of OS) -type if 



for all A G C(i) , for all a; G X . 

-module X is called a norm 



on a 



|7X| 



I7l 



\x\ 



for all 7 G C(j) , for all x G X . 



Definition 4.1.4. A norm 



on a 



-module X is called a norm 



of complex type if it is simultaneously of C{i) -type and of C{j)-type. 



Example 4.1.5. The Euclidean norm on BC is a norm of complex 
type. Other obvious examples are the usual norms on BC" and on 
Lp{Q, BC) with p>l. 



4.1.6. Let us take up again the situation of Section |3.2[ that is, we 
are given two C(i)-linear spaces Xi, X2, and X = eXi + e"'"X2. Now 
assume additionally that Xi and X2 are normed spaces with respective 
norms || ■ ||i, || ■ II2. For any x = exi + e"l'a;2 G X, set 
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(4.1) 



F X '■'- 



1 

71 



Filli + IF2II2 



We can show that (4.1) defines a norm on X in the sense of Definition 



4.1.1[ We will refer to it as the Euclidean-type norm on X = eXi + 
e'^X2. It is well-known that (4.1) defines a real norm on the real space 



X. But besides we have, for any A = Aie + A2e"'' G BC, Ai, A2 G C(i) 
and any x = exi + e^X2 G X: 



IIAxIL 



|e(AiXi) + et(A2X2)|U 



V2 



lAiXillf + ||A2a;2||i 



r.^^ 



V2 



l'^l||? + |A2 



|a;2||2 



< -^V'2.||x|||(|AiP + |A2P) 



V2 

= \\x\\x■^AW^JW=V2\X\ 
Since obviously for any A G C(i) we have that 

||Ax||x = |A| • ||x||x, 



fIU- 



then (4.1) defines a norm of C(i)-type. Paradoxically, (4.1) proves 
to be not only a C(i)-norm but a C(j)-norm as well. Indeed, take 
A = a + j6 = (a - ib)e + (a + ib)e^ G C(j) C IC, a, 6 G M, then 



I Ax I 



X 



|e(a — ib)xi + e'^a + ib)x2 \\x 

'a — ifep • ||xi||^ + |a + i6P ■ ||x2| 



V2 

= |A| • \\x\\x ■ 

In the same way, a pair of C(j)-linear normed spaces generates a bi- 
complex module with a norm of C(j)-type, which again is of C(i)-type 
also. 

Thus any pair of complex normed spaces generates a bicomplex module, 
with a norm of complex type. 
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4.2. D— valued norm on BC— modules 

Definition 4.2.1. Let X be a BC-module. A map 

is said to be a hyperbolic norm on X if it satisfies the following prop- 
erties: 

(l) ||a;||D = if and only if x = 0; 

(ll) ||/ia;||]D) = |/i|k • ||a;||D Vx E X,\/fi E BC; 
(ill) ||a; + y||iD, < ||a;||D + IIi/IId Wx,yEX. 

4.2.2. If X is of the form X = e ■ Xi + e^ ■ X2, with Xi and X2 being 
two arbitrary C(i)-linear normed spaces with norms || ■ ||i and || ■ II2, 
then X can be endowed canonically with the hyperbolic norm by the 
formula 

(4.2) II^IId = \\exi + e'l"a;2||D := IkiHi ■ e + IIX2II2 ■ e^ 

That this is a hyperbolic norm is easily verified as follows: 

\\l^x\\n = \\{fiie + fi2G^) ■ {e ■ xi + e^ ■ X2)\\d 

= \\e{fiiXi) + e'^{fi2X2)\\B 

= ||/iia;i||i • e + ||;U2a;2||2 • e"!" 

= |/ii| ■ ll^illi ■ e+ |yU2| ■ ||a;2||2 ■ e"!" 

= (|/ii| ■ e + \i22\ ■ et) ■ (llxilli ■ e + ||a;2||2 ■ e^) 

= |/i|k ■ IpIIo; 
Ih + ^lliD) = \\{e ■ ui + e'f ■ U2) + {e ■ wi + e^ ■ W2)\\o 
= \\e{ui + wi) + e^{u2 + W2)\\o 
= ll-ui +tfi||i ■ e + ||-U2 + W2II2 ■ e^ 



< (||mi||i + \\wi\\i) ■ e + (IIM2II2 + Ik2||2) ■ e 

= ||m||d + ||t;||D- 
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We can compare (4.2) with the (real-valued) norm given by formula 



(4.1), and we easily see that 

|||x||d| = |e ■ ||xi||i + 6+ ■ IIX2II2I 
1 



(4.3) = ^■V'll^ill?+I|a;2||i 

= \\x\\x 
exactly as it happens when X 

Let us now consider a BC-module X endowed with a real-valued norm 
II ■ II of complex type. Since X = e • Xg + e^' • Xgt where Xg and Xgt are 
C(i)- and C( j)-linear spaces, the restrictions of the norm on X onto 
Xg and Xgt respectively: 



^e ' Xe 



and 



induce norms on the complex spaces Xg and Xgt respectively. These 
norms, in accordance with the process outlined before, allow us to 
endow the bicomplex module X with a new hyperbolic norm, given by 
the formula 

(4.4) IIxIIb := ||ex||xe ' ^ + ||e"^x||x . • e^ 

\ / II II II lit; II " eT 



Conversely, if the BC-module X has a hyperbolic norm || ■ ||d; then the 
formula 



(4.5) ll^^llx := |||a;| 



defines a norm on X. We now show that in fact (4.5) defines a usual 
norm in the real space X. To do so we observe that: 

(a) ||x||x = if and only if ||a;||D = which holds if and only if 
a; = 0, since || ■ \\o is a hyperbolic norm; 

(b) given any fi ^M. and x G X, then 

||Ai3;||x = |||/^3;||]D)| = ||/i|k ■ IpIIbI 

= ||/i| ■ ||a;||D| = l/^l ■ |||x||d)| 
= l/Ltl • \\x\\x; 
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(c) for any x, y G X there holds: 

Ik + T/lU = Ilk + z/IUI 



< 



\x\ 



+ \\y\ 



< 



\x\ 



+ \\\y\ 



\x\\x + \\y\\x- 



Note that we have used (1.11) in this reasoning 



Finally, we have to prove that this real norm satisfies the required 



inequality in Definition 4.1.1, Given W G BC and x G X it is 

\\W-x\\x = \\\W-x\U = \\W\^-\\x\\n\ 



= mw 

< V2-\W\ 



\x\\d\ 



F U; 



here we have used (1) and (2) from Remark 1.5.3 
We can summarize our arguments as follows: 

Theorem 4.2.3. A BC-module X has a real-valued norm if and only 
if it has a hyperbolic norm, and these norms are connected by equality 



(4.5). 



As we already saw in the case of BC, the two norms on a BC-module 
X (the real valued norm || ■ \\x and the hyperbolic norm || ■ ||d) give 
rise to equivalent notions of convergence. 

Definition 4.2.4. A sequence {xn}n&N in X converges to xq G X with 
respect to the norm || ■ ||x if for every e > there exists X G N such 
that for any n > N it is: 

||a;„-a;o|U < e. 

Similarly for the convergence with respect to the hyperbolic norm. 

Definition 4.2.5. A sequence {a;„}„gN in X converges to xq G X with 
respect to the hyperbolic norm || ■ ||d if Ve > there exists X G N such 
that Vn > N there holds: 



\\Xr. 



xollx <e. 



From equalities (4.3), (4.4) and (4.5) it follows that a sequence {x„}„gN 
converges to Xq G X with respect to the norm || ■ \\x if and only if it 
converges to Xq with respect to the hyperbolic norm || ■ ||d. 
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4.3. Bicomplex modules with inner product. 

Definition 4.3.1. (Inner product). Let X be a BC-module. A map- 
ping 

(-, ■) :X xX^lC 

is said to be a BC-inner, or BC-scalar, product on X if it satisfies the 
following properties: 

(1) {x, y + z) = {x, y) + (x, z) for all x,y,z G X; 

(2) (/i x,y) = fi {x, y) for all ji G BC, for all x,y E X; 

(3) {x, y) = {y, x)* for all x,y e X; 

(4) (x, x) G D+, and (x, x) = if and only if x = 0. 
Note that property (3) implies the following: 

a + 6 j = (x, x) = (x, x)* = a — 6 j with a,h E C(i), 

hence a G M, 6 = i 6i, with hi G M, that is, (x, x) G D. For reasons that 
will be clear later, we are strengthening this property, by requiring 
additionally that (x,x) will be not only in D but in D"*", the set of 
"positive" hyperbolic numbers. 

Also from Properties (2) and (3), we see that for any yU G BC and any 
X, 1/ G X one has: 

(x,/i|/) = jj* {x,y) . 



Definition 4.3.2. A BC-module X endowed with a bicomplex inner 
product (-, ■) is said to be a BC-inner product module. 



4.3.3. We consider now, as in Sections 3.2 and 4.1.6, two C(i)-linear 
spaces Xi and X2. In addition we will assume that both are inner 
product spaces, with inner products (■, ■)! and (■, ■)2, and corresponding 
norms || • ||i and || ■ II2. We can then show that the formula 

{x,w)x = {exi + e^X2,ewi + e^W2)x 
(4.6) 

:= e(xi,wi)i + et(x2,W2)2 

defines a bicomplex inner product on the bicomplex module X = eXi + 
e^"X2. We begin by proving distributivity. 
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(1) 

{x,y + w)x = (exi + e"fx2, (eyi + 6+1/2) + 

+ {ewi + e^W2))x 
= {exi + e'^X2,e{yi + wi) + e'^{y2 + W2))x 
= e{xi,yi + wi)i + e^X2,y2 + ui2)2 
= (e(a;i, 1/1)1 + e1"(x2, 1/2)2) + 

+ (e(a;i,Wi)i + e1'(a;2,W2)2) = 

= {x,y)x + {x,w)x- 

(2) Next, we deal with the hnearity. Given /i = /iie + /i2e''" G 
then 

{fj,x,y)x = {{fiie + fi2e^){exi + e^X2),eyi + e^y2)x 

= {e{fiiXi) + e'^{iJ,2X2),eyi + e'^y2)x 

= e{fiiXi,yi)i + e^fi2X2,y2)2 

= e/ii(xi, 1/1)1 + 6^2(2:2,^2)2 

= (e/ii + eV2)(e(xi, 1/1)1 + et(x2, 1/2)2) 

= ^i{x,y)x■ 

(3) Next step is to prove what is the analogue of being "Hermitian 
for an inner product" in our situation. 

{y^ x)*x = (eyi + e'fi/2, exi + e^X2Yx 
= (e(|/i,xi)i + e1" (1/2, 2:2)2)* 
= e(|/i,xi)i + et (1/2, 0:2)2 



= e(xi,7/i)i + et(a;2,l/2)2 = (a:,!/) 

Note that the "inner product square" 
(4.7) {x,x)x = e\\xi\\l + emx2\\l ^ ^^ ■ 

51 



X ■ 



is always a positive hyperbolic number, without a need for 
any additional requirements on (■,-)i and (■,-)2- The mar- 
velous fact here is that with the above described process, we 
constructed a class of bicomplex modules with inner product 



in such a way that property (4.7) verifies always. 
(4) Finally, we prove the non-degeneracy. 

a;i = 0, X2 = <^=^ X = 0. 

As we already noticed, the "inner product square" is a hyperbolic pos- 
itive number, and this suggests the possibility of introducing a hy- 
perbolic norm on an inner product BC-module consistent with the 
bicomplex inner product. Let us show that this is, indeed, possible. 
Set 

(4.8) IIxIId = lle-xi + e^" -xsHd := {x,xy^^, 

where (x,x)^/^ is the hyperbolic number given by 

(x,x)^/2 = (e(xi,xi)i + e1'(x2,X2)2) 

= e(xi,x,)f + et(x2,X2)f 
= e ■ ||xi||i + e"l'||x2||2 G D+. 

It is easy to verify that the hyperbolic norm satisfies the properties one 
would expect. 

(l) ||x||d = ||exi + e"l'x2||i[i) = if and only if xi = and X2 = 0. 
(ll) Given /i = fxie + yU2e^ G BC, one has: 

= {iJfi*y/^-{x,xy/^ 

= (|Aii|e+ l/Uslet) ■ ||x||b 
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(ill) For any x,y E X, it follows: 

1 /9 

= {{xi+ yi, xi + yi)i-e+ {x2 + y2, X2 + 1/2)2 ■ e^") 

= (Iki + 2/1II? ■ e + \\x2 + y2\\l ■ e^Y^^ 

< (dl^^illi + llz/illi)' ■ e + (||a;2||2 + ||y2||2)' • et)'''" 

= IfIId) + \\y\\o- 

4.3.4. On the other hand, it is also possible to endow the bicomplex 
module X = eXi + 6^X2 with a real-valued norm naturally related 
to the bicomplex inner product discussed above. To this purpose, we 
simply set 



(4.9) 



kllx '■= 2*^^^!' ^1)1 + ^^2,3:2)2) 
= 2 (ll^ill?+ ll^slla) , 



and we compare this definition with formulas (|4.1) and (4.7); we im- 



mediately see that (4.9) defines a Euclidean-type norm on X which 
is related to the norms on Xi and X2 exactly in the same way as the 
Euclidean norm on BC is related to the modules of the coefficients of 



its idempotent representation. The relation between (4.9) and (4.8) is 
as one would expect: 

\\\x\L\ = I e • llxilli + e' ■ ||a;2||2 I 



r- v ikilli + Ikslli = Ikllx • 
v2 

Definition 4.3.5. A BC-inner product module X is said to be a bi- 
complex Hilbert module if it is complete with respect to the metric 
induced by its Euclidean-type norm generated by the inner producet; 
this is equivalent to say that X is complete with respect to the hyper- 
bolic norm generated by the inner product square. 

Remark 4.3.6. We can restate this definition by saying that a bi- 
complex Hilbert module is a 4-tuple (X, || ■ ||x, || • Hb, (•, •)) where any 
Cauchy sequence is convergent. 
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It follows from (Q that if X = eXi + e^Xs, where Xi, X2 are C(i)- 
linear inner product spaces, then X is a bicomplex Hilbert space if and 
only if Xi and X2 are complex Hilbert spaces. 

Example 4.3.7. A bicomplex inner product in BC can be given through 
the formula: 

(4.10) i^Z,W):=ZW* . 



Properties (1), (2) and (3) of Definition 4.3.1 are obvious. For the 
fourth property recall that if Z = 21 + j 22 = /9i ■ e + /32 • e^, then 

(Z,Z) = ZZ* 



(4.11) 



(/3i-e + /32-et).(/3i.e + /32-et) 
|/3i|-e+|/32|-et 



= (|ziP + |z2n-2/m(2iZ2)ij gD+. 

Thus (Z, Z) = if and only if zi = = ^2 or equivalently Z = 0. Hence 
the general definition of the inner product is simply a generalization of 
this definition for the bicomplex-valued inner product in BC. Note in 
particular that non-degeneracy would be lost if we had used any of the 
two other conjugations on BC. Moreover, the inner product square of 
any element is a hyperbolic number in D~*". This is the reason why, in 
|25j . we required that the inner product square of any element (in an 
arbitrary bicomplex inner product module) had to be a positive hyper- 
bolic number. Note that in this example the real part of the hyperbolic 



number (4.11) is already a good norm. 



Let us now compare these two approaches with Subsection 4.3.3 The 
idempotent decomposition of BC: 

.t 



= C(i)e + C(i)e' 

can be reformulated, by saying that X\ = C(i)e, X2 = C(i)e''' and with 
the C(i)-valued inner products 

(/3ie,/3ie)i := /3,W, V/3ie, f3[e e Xi, /3^, f3[ e C(i), 
(/32et,/3^et)2 := P2W2 V/32et, p',e^ e X2, P2, P2 e C(i). 



Now, in accordance with (4.6), if we take Z = (3ie + (32^^, and W 
I3[e + f32e\ we obtain that 

{Z, W)x := (Ae, /3;e)i e + {f32e\ (i',e% et , 
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and therefore 

= ZW* = {Z,W). 



This means that the inner product (4.10) on BC coincides with the 
one generated by its idempotent decomposition. In addition, the Eu- 
chdean norm on BC coincides with the norm on BC given by formula 



(4.9). In other words the Euclidean norm of bicomplex numbers is the 



Euclidean-type norm on the bicomplex inner product module 
Finally, if one takes, in (4.11), Z in the idempotent form Z = /3ie+/32e^ 



then the inner product square is 

{Z,Z)x = Z-Z* = \Z\l = \P,\'-e+\P,\'-e^ 
giving us a hyperbolic norm on the BC-module 



4.4. Inner products and cartesian decompositions 

4.4.1. We will now assume that a bicomplex inner product module X 
has a bar-involution, and we denote by Xi^bar the C(j)-linear space of 
its C(j)-elements. Thus X = Xi^bar + iXi^bar and Xcy) = Xi^bar ©c(j) 
iXi^bar, when we restrict the scalar multiplication to C(j). Neverthe- 
less, the inner product takes values in BC. If we now define an inner 
product 

(-, ■)bar ■ -^C(j) X -^C(j) -^ C(j) 

by 

{x,y)bar :=nij((x,y)) G C(j), 

we see that (■, ■)bar is an inner product on the C(j)-linear space -^c(j)) 
and that it induces an inner product on the C(j)-linear space Xi^bar as 
follows: 

{Xl, 2/l)c(j) := {Xl,yi)bar Va;i, yi G Xi^bar ■ 

The relationship between the bicomplex the C(j)-valued inner prod- 
ucts, is established by the following formula: iix = Xi+ix2, y = yi+i 2/2 
are in X, then 

{x,y) = {xi + ix2,yi + iy2) = 

(4.12) = {xuyi)c(j) +{x2,y2)c(j) + 

+ i {{x2,yi)c{i)- {xi,y2)cii)) ■ 
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This formula provides even more information. Indeed, if X is just a 
bicomplex module, without any bicomplex inner product, and if Xi^bar 



has a C(j)-valued inner product, then formula (4.12) tells us how to 



endow X with a bicomplex product which extends the one on Xi^bar- 

4.4.2. We can treat in exactly the same way the case in which X admits 
a f-involution. In this case X = Xi^j- + jXi^j-, and Xc(i) = Xi^j ©c(i) 
j Xi,t. The mapping 

(■,-)t:Xc(i)xXc(i)^C(i) 

given by 

(x,y)t:=ni,i((x,y))GC(i) 

is an inner product on the C(i)-linear space Xc(i). The induced inner 
product on the C(i)-linear space Xi j for any Si, ti G Xi j is: 

(si,^i)c(i) := (si,ti)t. 

Now, if a; = Si + j S2, and y = ti + j ^2 are in X then 
(4.13) 

{X,y) = (Si +jS2,tl+jt2) = 

= (■Sl,tl)c(i) + (■S2,^2)c(i) +j {{S2,tl)c(i)- {Sl,t2)cii)) ■ 



Again, formula (4.13) provides an extension of a C(i)-valued inner 
product defined on Xi-^ up to a bicomplex inner product on X. 

Example 4.4.3. We continue now the analysis iniciated in Example 



4.3.7, The space X = BC has both involutions, so that Xi^^ar = C(j) 
and Xi^j = C(i). Given Z, W E BC, with Z = zi + j Z2 = Si + i S2 and 

W = Wi+}W2 = h + it2, Zi, Z2, Wi, W2 E C(i), Si, S2, tl, t2 G C(j), 

then 



{Z,W) = ZW* = {z,+jZ2)-{wi+3W2T 

= {zi + j Z2) ■ (wi - JW2) 

= {ziWi + Z2W2) + j {Z2W1 - Z1W2) 

= (si + is2) ■ (tl + it2)* 

= (si + i S2) ■ (tl -it;) = (si t* + S2 tl) + i (s2 t*i - si tl) 
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which imphes that on the C(j)-hnear space BCcy) the C(j)-valued 
inner product (■, ■)bar is given by 

and on the C(i)-hnear space ]BCc(i) the C(i)-valued inner product (•, ■)-|- 
is 

{Z,W)^ = ziwi + Z2W2 e C{i) ; 

finally it is 

(si5 ^i)c{j) := si tl , {zi, Wi)c(i) := ^i Wi , 

which are the usual inner products on C(j) and C(i). 

4.5. Inner products and idempotent decompositions. 

4.5.1. Consider a bicomplex module X with an inner product (■, ■). For 
any x,y E X, the inner product {x, y) is given by 

(x, y) = l3i{x,y)e + (32 (x, y) e^ 
(4.14) 

= 7i(a;,y)e + 72(a;,|/)et, 

where /3<?(x,|/) = 7r£,i((a;,y)) G C(i), it{x,y) = 7r^j((a;,|/)) G C(j), for 
£ = 1,2. Define 

Bi, B2 : X X X ^ C(i) and T^, T2 ■ X x X ^ C(j) 

by 

(4.15) Be (x, y) := tt,,; {{x, y)) = (3, (x, y) G C(i) 
and 

(4.16) J^i (x, y) := TT^j ((x, y)) = 7^ (x, y) G C(j) . 
We will prove that the restrictions 

(4.17) (-, ■)x^, ■■= B, U^xx.: Xe X Xe ^ C(i) ; 

(4.18) (-, ■)x.,j := J-i Uexx.: Xe x Xe ^ C(j) ; 

(4.19) (■,-)x^t, •= ^2 U^txx t- ^et X Xet ^ C(i) ; 

(4.20) (-, ■)x^t . := J'2 \x^,xx^,- Xet X Xet ^ C(j) , 
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are the usual inner products on the C(i)- and C(j)-hnear spaces Xe 
and Xet respectively. Indeed, for any x,y,z G Xg and A G C(i), we 
have: 

(a) 

{x,y + z)x^^i = TTi^i{{x,y + z)) = TTi^i{{x,y) + {x,z)) 

= ni^i{{x,y)) + ni^i{{x,z)) 

= {x,y)x,-, + {x,z)x,^,. 

(b) Note that given ex, ey E X^ then 

{ex,ey) = e e* (x, y) = e (x, y) , 
which implies 

(4.21) {ex,ey)x,^; = ni^i{e{x,y)) = TTi^i{{x,y)) = /3i(x, y). 

Similarly we have that 

(4.22) {e^x,e^y)x^,,i = Ti2,i{{x,y)) = Hx^y) , 
and 

(ea;,e|/)x,_j = 7rij((a;,|/)), {e^x,e^y)x^^ . = Tr2,j{{x,y)). 
Now, given A G C(i) and ex, ey E X^ then 
(A(ex),et/)x,_i = 7Ti^i{{Xex,ey)) 

= ni;,{\{ex,ey)) = Xni^i{{ex,ey)) 

= \{ex,ey)x,^,. 

(c) One has: 

{y, x)x,-, = vri,i {{y, x)) = 7ri,i {{x, y)*) ; 
if we write 

{x,y) = I3i{x,y) e + I32{x,y) e\ 
with /3i{x,y) , /32{x,y) G C(i), then 



{x, y)* = f3i{x, y)e + P2{x, y) e\ 
and 



vri,i((a;, y)*) = {x, y)\^ . = /3i (x, y) 



7ri,i{{x,y)) = {x,y)x^,- 
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(d) First note that ii x,y E X^, then x = ex, y = ey, and thus 

MC3 Pi{x,y)e + P2{x,y)e^ = {x,y) = {ex,ey) = 



(4.23) 



= e{x,y) = e {Pi{x,y)e + P2{x,y)e^) = 

= /3i(x,y)e, 

hence (32{x,y) = 0. In particular, taking y = x E Xe one has 
{x, x) = f3i{x, x) e. Recall that {x, x) = if and only if a; = 0, 
that is, X = if and only if Pi{x, x) = 0. On the other hand 

I3i{x,x) = 7ri,i ((x,x)) = (x,x)xe,i 

and thus the last property of the complex inner product is 
proved. 



Equation (4.23) gives one more reason to call the C(i)-elements the 



elements of Xp. 



Quite analogously we can show that formulas (4.18), (4.19), (4.20) 



define (complex) inner products on the corresponding linear spaces. 
Thus we have just proved the following 

Theorem 4.5.2. Let X be a BC-inner product space. Then: 

(a) (Xe, (■, ■)xei) and (Xet, (■, ■)x ^ . ) are C(i)-inner product spa- 
ces. 

(b) (Xe, (■, ■)xe,j) and (x^^, {■,-)x^^ .) are C(j)-inner product spa- 



ces. 



4.5.3. We will now show that the results from Section 4.5 , are fully 



consistent with those in Subsections 4.3.3 and 4.3.4, Indeed, since 

X = eX + e"^X = Xe + Xet = eXe + e^X^t =: eXi + 0^X2 , 

with Xi = eX = Xe, X2 = e'^X = Xet, we can consider the bicomplex 
module X as generated by the C(i)-linear spaces Xi and X2. Moreover 
for x,y E X one has: 



X 



J. 



Jf^t 



ex + e'x = e(ex) + e' (e'x) =: exi + e'x2 E eX 



3^X0 



y = ey + e'^y = e{ey) + e'^{e'^y) =: eyi + e'^y2 E eXi + e^'Xs 
where xi,yi E Xi and X2, 2/2 G X2. 



By Theorem 4.5.2, we have that (Xi, (-, ■)i) and (X2, (■, ■)2), with (-, ■)i 



(■, ■)xei and (■, ■)2 := (■, ■)x | ., are C(i)-inner product spaces. Thus, 
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the results in Subsection |4.3.3 imply that X can be endowed with the 
bicomplex inner product 

{x,y)x ■■= e(xi,yi)i + et(x2, 1/2)2 

= e(ea;, ey)x,^i + e^ {e^x, e^y)x^^. ■ 

It turns out that 

{x,y)x = {x,y). 



Indeed, using (4.21) and (4.22) 



{x, y)x = e/3i(x, y) + e"^/32(x, y) = {x, y) . 
We summarize this analysis in the next theorem. 

Theorem 4.5.4. Given a bicomplex module X, then 

1) X has a bicomplex inner product (■, ■) if and only if both Xe,i 
and Xet,i have complex inner products (■, ■)xei and (■, ■)x ^ .; 
if this holds then the complex inner products are the compo- 
nents of the idempotent representation of the bicomplex inner 
product, i.e., 

(4.24) (x, y) = e{ex, ey)x^-, + e"^(e"^x, fih)x^^. ■ 

2) If X has a bicomplex inner product then it has a real- valued 
Euclidean-type norm and a hyperbolic norm which are related 
with the norms on Xe,i and Xgt^i by the formulas 

1 



(4.25) llxllx := — ^1/ llexll y + lletxll ^ 

V 7 II 11^ a/2V '''^ «^i 



and 



I T" 1' . o I 



(4.26) ||x||d := ||ea;||xei " ^+ l|e"^3;||x + . 

\ ' 1111 I I I I t;,l II II e I ,1 



• e' 



3) (X, (-, ■)) is a bicomplex Hilbert space if and only if 
(Xe^, (■, ■)xei) and (Xet^, (■, ■)x ^ . ) are complex Hilbert spaces. 

The previous Theorem deals with arbitrary bicomplex modules on 
which we have made no additional assumptions; the results explains 
the relations between the inner products which can be defined. In Sec- 



tion 44 , on the other hand, we developed the theory of bicomplex inner 
products in the case in which a bicomplex module X has a dagger- or 
a bar-involution. We will now show how these situations interact. 
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Theorem 4.5.5. Let X be a BC-module with a f-involution. Then 
the following three statements are equivalent: 

(1) X has a bicomplex inner product. 

(2) Each of the C(i)-linear spaces Xe and X^t has a C(i)-valued 
inner product, (■, ■)xe,i and (■, ■)x |,i respectively. 

(3) The C(i)-linear space Xij- has a C(i)-valued inner product 

Proof: 

We already proved that (1) is equivalent to (2) and that (1) implies 
(3). 

Assume now that Xi^^ has a C(i)-valued inner product (■, ■)c(i)- Take 



x = Si + j S2 and y = ti + j ^2 in X. By (4.13) we have that formula 



{x,y) := ((si + is2,ti)c{i) + (s2-isi,t2)c(i)) e + 

+ ((si -is2,ti)c(i) + (s2 + isi,t2)c(i)) e^ 

gives a bicomplex inner product on X; thus each of its complex compo- 
nents defines an inner product on the corresponding idempotent com- 
ponents of X: 

(ex, ey)x^-, ■= {si + i S2, ti)c(i) + (s2 - i si, t2)c(i) , 

{e^x, e"^y)x^t.i •= ^-^1 ^ ^ -^2, ii)c{i) + (s2 + i Si, t2)c{i) ; 
this shows that (3) implies (1) and (2). D 

It is obvious that when X has a bar-involution then conditions (2) 
and (3) in the above Theorem will require C(j)-linearity instead of 
C(i)-linearity. 

4.6. Complex inner products on X induced by idempotent 

decompositions. 

It is possible to give a different approach to the notion of bicomplex 
Hilbert space, by involving only complex structures. We briefly study 
this approach below. 

We can consider X as Xc(i) and Xcq); from this point of view, X is 
endowed with a specific inner product if this is true for both Xe^i and 
Xgt^i, as well as both Xgj and X^tj, where the subindexes i and j mean 
C(i) or C(j) linearities. Indeed, since 

-^C(i) = -^e,i ©C(i) Xgi i 
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and 



X 



C(j) - -'^ej ©C(j) -'^etj , 



we can endow Xc(i) and Xc{j) with the following inner products respec- 
tively: given x,y e Xc(i) or in Xc(j) set 



(4.27) 
and 

(4.28) 



(x,i/)c(i) := {P{x) + Q{x),P{y) + Q{y))c(i) 

:= {P{x),Piy))x^, + {Qix),Qiy))x^,^ G C(i) , 

(x,2/)c(j) := {P{x) + Q{x),P{y) + Q{y))c(i) 

:= {Pix),Piy))x^,, + {Qix),Qiy))x^,^ G C(j) 



Of course, if both (Xe, (■, ■)xei) and (Xgt, (•, ■)x ^ .) are Hilbert spaces, 
then (Xc(i), (■, ■)c(i)) is also a Hilbert space. The same is true in the 
C(j) case. 

Assume now that the bicomplex module X has a bicomplex inner 
product (-, ■). By Theorem 14. 5. 2l (Xe, (-, ■)xe,i) and (Xgt, (-, ■)x^^ .) 



are C(i)-inner product spaces, and (Xe, (■, ■)xe j) and (X^t, (■, ■)x t .) 
are C(j)-inner product spaces, hence Xc{i) and Xcy) are (complex) 
linear spaces with inner products (■, ■)£{!) and (■, ■)c{j) determined by 
equations (4.27) and (4.28); moreover, Xc(i) and Xc{j) become (com- 
plex) normed spaces with the norms determined in the usual way by 
the formulas: 



\x\ 



C(i) 



1/2 



/ \ J-/^ 

{X,X)^,.^ 



(4.29) 



and similarly 

lkllc(j) 



(4.30) 



(P(a;),P(x))x., + (Q(x),g(x))x^_^ 

"^'^ el ,1 



/ \l/2 

[X, a^/c(j) 



{P{x),P{x))x^,, + {Q{x),Q{x))x^, 

1/2 



1/2 



1/2 



(lin^)lli, + IIQ(^)llx,_ 
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Recalling that 

B+3{x,x) = {P{x),P{x))x^,e+{Q{x),Q{x))x^,. 

= {P{x), P(x))x,,j e + {Q{x), Q{x))x^,. 
one sees that 

(P(x), Pix))x^, = (P(x), P(x))x.,j G M+ U {0} 

and 

{Q{x),Q{x))x^,. = {Q{x),Q{x))x^,. G M+ U {0} , 
which implies 

(4.31) l|2;||c(i) = l|2;||c(j) ^x e X . 



Formulas (1.8), (4.14), and the fact that we can take the square root of 



a bicomplex number by taking the square root of each of its idempotent 
components, imply that 

V^(^=||P(x)||x.,-e+||g(a:)||x^_^-et 
and therefore 

(4.32) ^/2\^/{x,x) \ = ||x||c(i) = ||a;||c(j) Vx G X 

which shows the relation between both norms and the original bicom- 
plex inner product. 



Equation (4.31) tells us that although we have on X only one map 



X G X I— i- llxl 



C(i) 



\x\ 



C(j) 



such map determines two different norms on X seen as Xc(i) and Xcy); 
in particular, X can be endowed with two linear topologies: one with 
scalars in C(i) and another one with scalars in C(j). When we do not 
consider the field in which we take the scalars, we have the same un- 
derlying topology, which we will denote by re; note that this topology 
is related to the initial bicomplex inner product via (4.32). 



Note also that | y (x, x) \ coincides with the norm (4.25 ). The approach 



given in Section 4.5.3 allows us to deal with the bicomplex norm on 
the bicomplex module X. What is more, the topology re is in fact 
a bicomplex linear topology, that is, the multiplication by bicomplex 
scalars (not only by C(i) scalars) is a continuous operation. 

We conclude this section by illustrating some aspects of this (complex) 
approach to the notion of inner products on bicomplex modules using 
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again X 



Note that formulas (1.4) and (1.6) give the following representations of 



a given bicomplex number: 

Z = (xi + i|/i) + (x2 + i|/2)j 

= (a;i + j X2) + (z/i + j 1/2) i = /3i e + (32 e^ 

:= {{xi + 2/2) + i (2/1 - X2)) e + ((a;i - 2/2) + i (l/i + 2:2)) e^ 

= 71 e + 72 el' 

:= ((a;i + 2/2) + j (a;2 - 2/i)) e + ((xi - 2/2) + j (2/1 + 2:2)) e^ . 
Consider a second bicomplex number 

ly = (Si+iti) + (s2 + it2)j 

= 6e + 6et 

:= {{si +t2) + i (ti - S2)) e + ((si - ^2) + i (ti + ^2)) et 

= r/i e + r/2 e"!" 

:= ((si + t2) + j (S2 - ti)) e + ((si - ta) + j (ti + ^2)) et . 
In terms of the previous sections, one has: 

X = BC; Xe,i = IC ■ e = C(i) ■ e; Xet,; = BC ■ et = C(i) ■ et; 



(/3ie,^ie)c(i).e := /3i ^1 ; 



(/32et,^2et)c(i).et :=/32C2; 



Xej = BC ■ e = C(j) ■ e; X, 



e',J 



et = C(j) • et 



(71 e, 771 e)c(j).e :=7i^i ; 



(72et,r72et) 



c{j)-et :=72% 
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Then, formulas ( |4.27[ ) and ( |4.28[ ) give: 

(Z,iy)c(i) : = 

= (((a;i + y2) + i(yi-a;2)) e, ((si + ta) + i (ti - S2)) e)c(i)e + 
+ (((xi - 1/2) + i (1/1 + xa)) e'^ , ((si - t2) + i {h + S2)) e"^ )^^.^^^ 
= {{xi + 1/2) (si + ^2) + (1/1 - 3^2) {h - 82) + 

+ {xi - 112) (si - t2) + (yi + X2) (ti + S2)) + 
+ i ((yi - X2) (si + 12) - (a;i + 2/2) {h - S2) + 

+ hji + X2) (si - t2) - (xi - 2/2) (ii + S2)) G C(i) ; 

= {{ixi + y2)+]ix2-yi)) e, ((si + ^2) + j (^2 - ti)) e)^^)^ + 
+ {{{xi -y2)+j iyi + a;2)) e"^ , ((si - ^2) + j (ti + S2)) e"^ )^y^^^ 

= {{xi + 2/2) (si + ^2) + (3^2 - 2/1) {s2 - ti)+ 

+ (xi - ^2) (si - ^2) + {yi + X2) {ti + S2)) + 
+ J ((a;2 - 2/1) (si + ^2) - {xi + 2/2) (s2 - ti) + 

+ (2/1 + X2) (si - ts) - {xi - 1/2) (ti + S2)) G C(j) . 

Of course, (Z, Vr)c(i) G C(i) and (Z, W^)c{j) G C(j) are different bi- 
complex numbers; but their "real parts" coincide, while their "imagi- 
nary parts" are in general different. They coincide, for example, when 
Z = W., in which case 

{Z,Z)cii) = {Z,Z)co)>0. 



4.7. The bicomplex module BC". 

4.7.1. We already know that BC" is a bicomplex module. A bicomplex 
inner product on it can be introduced in a canonical way: ii Z = 
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{Zi, ..., Zn), and W = {Wi, . . . , Vr„) G BC" then we set 

{Z,W):=Z,W* + --- + Z^W:. 



It is obvious that properties (1), (2), (3) of Definition 4.3.1 are satisfied. 



The last property can be proved similarly to the proof in Example 



4.3.7, but we prefer to give an alternative proof using the idempotent 
representation. Indeed, write Z^ = f3k, i e + /3fc^2 e^, and correspondingly 
-^fc = /^fc 1 ^ + f^k.2^^ ■ Then we have 

n n 

{Z,Z) = Y,Zk-Zl = Y,{\Pk,i\'^+\Pk,2\'^^) 

k=l k=l 



fc=l / \ fc=l / 

Note that the square of the inner product of some Z G BC" can be 
a zero divisor: this happens exactly when Z G BC^ = BC" ■ e or 
Z G BC^i- = BC"-e"''. Note also that this formula defines the hyperbolic 
norm on the BC-module 



4.7.2. Similarly to what happens in the complex case, one can consider 
more general inner products on BC". To do so, take any bicomplex 
positive matrix A = £/ie + £^2^^ and define, for Z, W G BC", 

(Z, W)a ■.= Z'-A-W*. 

We can easily show that this is an inner product in the sense of Defi- 
nition i4xn 

(1) {z, w + v)a = z' ■ A ■ {w + vy = Z' ■ A ■ {W* + V*) 

= Z^-A-W* + Z*-A-V* 

= [Z, W)a + {Z, V)a- 

(2) Given ^ G BC, then 

{^iZ,W)a = {fiZf-A-W* = ij{Z'-A-W*) 

= f^{Z,W)A. 

(3) {Z, W)a = Z'-A-W*={Z'-A-W*y 

= {{w*'-A'-zyy 

= {W'-A-Z*y = {W, Z)\, 

66 



where we took into account that Z^ ■ A- W* is a 1 x 1 matrix. 

(4) Since A is a bicomplex positive matrix, for any column Z G 
y we have that 



Let us now reinterpret formula (4.24) in this setting. The simplest 



way to do this is via a direct computation. Take Z = JJ^e + ^^26^, 
W = Wie + W2e^ e IC" and let A = £^ie + ^2 e"^ be a bicomplex 
positive matrix. Then 

{Z,W)a = (J^ie + J^2et)*-(Me + Met)-(#le+>r2et)* 
= S'/ ■ ^1 ■ ^1 e + J^2* ■ ^2 ■ ^2 et 



=: (J^i, ^1)^, •e+(J^2, #^2),^, -e 



which should be compared with formula (4.24) 



The complex (C(i)) matrices ^i and £/2 ai'e positive and thus (■, ■)^j 
and (■, ■)^2 are (C(i)) complex inner products on C"(i). In particular, 

{Z,Z)a = (J^i, J^iU-e+(J^2, ir2)^, -et 

— II <^ l|2 o -L II '^ l|2 of 

which is the square of the hyperbolic norm on BC". The bicomplex 
norm on BC" generated by the inner product (■, ■)a is given by 



\ av' \\2 _i_ II ^ ||2 



4.8. The ring EI(C) of biquaternions as a BC— module 

Let us show now how this theory can clarify some algebraic properties 
of the ring of biquaternions (sometimes called complex quaternions). 
First of all recall that the ring EI(C) of biquaternions is the set of 
elements of the form 

^ = Zq + iiZi + \2Z2 + i2-22 

with^o, -21, -22, -23 G C(i); the three quaternionic imaginary units ii, 12, is 
are such that 

•2 -2 -2 1 

ll = I2 = I3 = -1> 

the multiplication between them is anti-commutative: 

12 ■ ii = — ii ■ 12 = — 13; 13 ■ 12 = — 12 ■ 13 = — ii; 
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while their products with the complex imaginary unit i are commuta- 
tive: 

i ■ ii = ii ■ i; i ■ ia = i2 ■ i; i ■ is = 13 ■ i- 

Since any of the products i ■ ie satisfies (i ■ i^)^ = 1, there are many 
hyperbolic units inside EI(C) and thus there are many subsets inside 
it which are isomorphic to BC, hence there are many different ways of 
making EI(C) a BC-module. Let's fix one of these ways and write each 
biquaternion as 

^ = {zo + iizi) + {z2 + 11^2)12 =: Zi + Z2\2, 

where Zi, Z2 G BC, (i.e., our copy of BC has as imaginary units i, ii, 
k = iii). It is clear that EI(C) is a BC-module, with the multiplication 
by bicomplex scalars as follow. For any A G BC and any ^ = Zi + 
Z2I2 G H(C) one has: 

A ■ J^ = A ■ Zi + A ■ Zais. 

Given W = Wi + 14^212 and taking into account that for any Z G BC 
it is i2^ = ZH2, one has: 

3f-W= {ZiWi - Z2Wpj + {Z1W2 + Z2Wpj h- 

That is, EI(C) becomes an algebra-type BC-module. 

Because of the numerous imaginary units inside EI(C), there are many 
conjugations, and they can be expressed using the conjugations from 
BC. Some of them are (there is no standard notation in the literature): 

3^ := (zo + ^lii) + (z2 + ^311)12 = Zi + Z2\2 ; 



J^ti := (^0 _ ^^i^) + (^2 - ^311)12 = Z\ + 4i2 
^"^ := (^0 - ^lii) + {Z2 - ^311)12 = Zl + Z*i2 
^^2 := {zq + z{\x) - {z2 + 2311)12 = ^1 - ^212 

J^t3 .- ^^^ _^ ^^^_^ _^ ^^^ _ z^\^)\2 = Zi + Zl\2 

3^® ■=Zl- Z 212 \ 



etc. 

These conjugations interact with the product of two biquaternions as 
follows: 



Ti . -^/Ti . 



{^ . wy = f^"- -W^] ( J^ ■ Wy^ = 3f^^ ■ W^^ ; 

{^■wy = w ■ 3f\ 

One may ask then if at least one of these conjugations is appropriate in 
order to generate an EI(C)-valued inner product with reasonably good 
properties. The answer is positive and is given by 

Theorem 4.8.1. The mapping 

(-, ^(c) : e(C) X e(C) -^ e(C) 

given by 

{^, ^)e(c) := Z ■ W^®, 
possesses the following properties: 

(I) {^, W + ^)h(C) = (^, ^)h(c) + (^, ^)h(c); 
(II) (A-J^, ^)h(c)=A-(^, ^)h(c); 

(III) {^, ^)e(c) = (^, ^)^(c); 

(IV) {^, ^)M(c)=V + rii2 + sii3 with r]eB+,r, s eR; 

{^, ^)h(c) = if and only if Z = 0. 

Proof: 

The proof of (I), (II) and (III) follows by direct computation and taking 

into account that 

^■W® = {Zi + Z2I2) ■ {wi + W2h) 
(4.33) _ _ 

= {ZiWl + Z2W;) + {Z2W1 - Z1W2) 12- 

Since 

^■^® = {z^zi + Z2ZI) + [zyz^ - zyz^y) is, 
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we may conclude that ( J!°, ^)h(c) = if and only ii Z = 0. In addition 
we know that ZiZl + Z2Z2 G D+ and direct computations show that 
(yZ2Zi — Z1Z2) '^2 is of the form r i i2 + s\\^ with r, s G M. D 

Corollary 4.8.2. For any ^, W and A in e(C) it is: 

( J^, A ■ ^)h(c) = (^, ^)h(c) • A®. 

Thus, the biquaternionic module EI(C) becomes endowed with an EI(C)- 
valued inner product with all the usual properties. Of course the inner 
product square is neither in D+ nor a real number but it has the pe- 
culiarity of involving the three hyperbolic imaginary units. We believe 
that in this way a theory of biquaternionic inner product spaces can be 
constructed along the same lines we have used to introduce the theory 
of bicomplex inner product modules. 

Proposition 4.8.3. Let EI(C) be seen as a BC-module. Then the first 
bicomplex component 

Zi := ZiWl + Z2W; 

of the biquaternionic inner product is a BC- valued inner product. 

Proof: 

This is an immediate consequence of the fact that we are considering 

EI(C) as BC^ and thus we can apply the definition and properties given 



in paragraph 4.7.1 D 



Some authors consider linear sets formed by EI(C)-valued functions en- 
dowing them with complex-valued inner products, but in this case some 
essential structures of such functions are lost. The Proposition above 
allows to catch more structures endowing such sets with bicomplex- 
valued inner products and consequenctly hyperbolic-valued norms. 
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CHAPTER 5 

Linear functionals and linear operators on 
BC— modules 

5.1. Bicomplex linear functionals 

5.1.1. Let X be a BC-module, and let / : X ^ BC be a BC-linear 
functional. Then for any a: G X one has: 

f{x) = /i,i(a;) ■e + /2,i(a;) -et = /ij(a;) ■e + /2j(a;) -et 

where fe,iix) E C(i), /,,j(a;) G C(j), F,(x) G C(i) and Geix) G C(j), for 
£ = 1,2. This means that / induces maps 

/i,i, /2,i : X ^ C(i), /i,j, /2,j : X ^ C(j), 

Fi, F2 : X -> C(i), Gi, G'2:X^C(j), 

such that 

/l,i = Fi-iF2, /2,i = Fl+iF2, 

and 

/i, j = G*! ~ j G2, /2, j = Gi + j ^2. 

In particular we have that 

Ai = vr,,io/=(ni,i + (-l)^in2,i)o/; 

fi,i=ne,iof={U,j + i-lY}n2,i)of; 
Fe = n,,j o / = 14^ (7ri,j + (-1)^-1 7r2,j) o /; 



2 

\£-l 



G, = n,,i o / = A^ (vTi,! + (-1)^-1 7r2,i) o /. 
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Let us show that /i,i, /2,i : Xc(i) — t- C(i) are C(i)-hnear functionals 
and that /ij, /2J : -^c{j) — > C(j) are C(j)-hnear functionals. This 
is equivalent to requiring hnearity for Fi, F2, Gi and 6*2 • Given A = 
Ai + A2 j G BC, with Ai, A2 G C(i), and given x, y E X, one has: 



/(Ax + y) 



/i,i(A x + y)e + /2,i(A x + y) et 
= Xf{x) + f{y) 
= ((Ai-iA2)/i,i(a;) + /i,i(2/))e + 

+ ((Ai + iA2)/2,i(x) + /2,i(y))et, 
hence 

(5.1) /i,i(Aa; + y) = (Ai - i A2) /i,i(x) + /i,i(y) 
and 

(5.2) /2,i(A X + y) = (Ai - i A2) /2,i(x) + /2,i(z/) . 
In particular, setting A2 = we have: 

(5.3) /i,i(Aix + y) = Ai/i,i(x) + /i,i(i/) 
and 

(5.4) /2,i(Aix + y) = Ai/2,i(x) + /2,i(2/). 

Thus, the mappings /i^i, /2,i are C(i) linear functionals on Xc(i). The 
case of /ij and/2j follows in the same way. 



In particular, equations (5.1) and (5.2) show us the "type of homogene- 
ity" of the C(i)-linear functionals /i_i and /2,i with respect to general 
bicomplex scalars. Indeed, for y = equation ( |5.1 ) gives: 



that is, 
(5.5) 



/i,i((Ai+jA2)x) = (Ai-iA2)/i,i(x) 



/i,i(Ax) =7ri,i(A) ■/i,i(x). 



In the same way equation (|5.2|) gives: 
(5.6) 



/2i(Ax) =7ri,i(A) ■ f2,i{x). 
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To understand this phenomenon we note that if A = Aie + A2e"'' G 
and X E X, then 

/(Ax) = /i,i(Ax)e + /2,i(Ax)et 

= 7ri,io/(Ax)e + 7r2,io/(Aa;)e'^ 

= 7ri,i(A/(x))e + 7r2,i(A/(x))et 

= 7ri,i(A) 7ri,i(/(x)) e + 7r2,i(A) 7r2,i(/(x)) e^ 

= 7ri,i(A) fi,iix) e + 7r2,i(A) /2,i(x) e^. 
Thus, if A = Ai G C(i), we obtain the C(i)-hnearity of /i^i and /2,i. In 



general when A G BC we have (5.5) and (5.6). 



5.1.2. As in the classic complex case the components of a bicomplex 
linear functional / are not independent. For example, one has that 

/(jx) = Fi(jx)+jF2(jx) 

= j/(x) = -F2(x)+jFi(x) 

which implies 

i^i(x) = F2(jx), 

F2{x) = -F,{}x), 
which are of course mutually reciprocal relations. In the same way 

Gi{x) = G2{ix) , 

G2{x) = — G'i(ix) . 

This phenomenon is even more remarkable for the functionals /i^i, /2,i, 
/ij and /2j. Indeed 

/i,i(ja;) = Fi(jx)-iF2(jx) = -F2(x)-iFi(x) 



and 



that is, 



= -i(Fi(x)-iF2(x)) = -i/i,i(x) 

/2,i(jx) = Fi(jx) + iF2(jx) = -F2(x) + iFi(x) 
= i (Fi(x)+iF2(x)) = i/2,i(x), 

/i,i(ja;) = -i/i,i(a;), 
/2,i(ja;) =i/2,i(x). 
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In the same way 



/i,j(ia;) = -j/i,j(a;) 



/2,j(ia;) =j/2,j(x). 

Consider now a bicomplex linear functional / : X — )■ BC One has that 
f{x) = f{ex + e^x) = f{xe)e + f{xe^)e^ = fi,i{xe) e + f2,i{xe^) e^ = 
/ij(xe)e + /2j(xet)et, i. e., 

f{x) = /i,i(xe)e + /2,i(xet)et 
(5.7) 

= /i,j(a;e)e + /2j(a;et)et. 

Let us assume now that X has a real-valued or a hyperbolic norm. 



Then equalities (5.7) imply that / is continuous if and only if fi^i , /gj, 
i = 1,2, are continuous on Xc(i) and on Xc(j) respectively. In partic- 
ular if / is continuous, then the restrictions /i,i \x^i and /2,i \x ^ . are 
C(i)-linear continuous functionals; in the same manner /i j \x^ ■ and 
/2,j U I . are C(j)-linear continuous functionals. 

We are now ready to prove a bicomplex version of the celebrated Riesz 
theorem (technically, such theorem was already proved in [25], but 
we decided to include its proof here for the sake of completeness, and 
because we can frame the proof in the context of our more general 
treatment of bicomplex functionals). 

Theorem 5.1.3. (Riesz). Let X be a bicomplex Hilbert space and let 
/ : X — > BC be a continuous BC-linear functional. Then there exists 
a unique y E X such that for every x G X, f{x) = {x, y). 

Proof. 



The first representation in (5.7) generates two C(i)-linear continuous 
functionals on Xe^i and X^t^i for each of which the complex Riesz 
representation Theorem gives a unique element u = eu E Xe,i and 
V = e^ V E Xgt i such that 



(5.8) 


fi,i U,,i (ex) = (ex,eM)x,,i 


and 




(5.9) 


/2,i U^t.i (^'^ ^) = (^'^^' ^^ ^)^et,i 
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The obvious candidate y := u + v = eu + e^v G X allows us to conclude 
the proof since 

(y, x) = {ex + e^x^eu + e^ v) 

= e{ex,eu)x,^i + e^e'>x,e^v)x^^. 

= e/i,i(ex) + et/2,i(etx) = /(x). 

Since the bicomplex inner product is non degenerate then the element 
y is unique. At the same time this unicity implies that if we repeat the 
above process using the C(j)-linear spaces Xgj and -^etj the element 
that we would get will be the same. D 



The next result can also be found in 

Theorem 5.1.4. (First bicomplex Schwarz inequality). Let X be a 
bicomplex Hilbert module, and let x,y G X. Then 

\{x,y)\ < V2\\x\\ \\y\\ . 



Proof: 

Recall that X is the direct sum of X^ and X^t when they are seen as 

C(i)- or C(j)-complex Hilbert spaces. For any x,y & X one has 

\{x,y)\ = \ {ex + e'' x,ey + e'' y)\ 



< 



< 



(2 



e (e X, e y)x,^, + e^ (e^ x, e^ y)x^^ . 



using (1.8) 



V2 



{ex,ey)x,.,\ + (e^x, e'^ y)x^^ . 



1/2 



using the complex Schwarz inequality 



1 

—= I llexiu • \\ey\\y + lie' xl,^ 

/q \ II ll-^e,i II ''ll-^e.i II I I A, 



t,i 



e'y 



1/2 



X 



t,i 



1/2 



|2\l/2 



I ||2\V^ /7^ 

\y\\ ) = V2 ||x|| ■ \\y\ 
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which concludes the proof. D 

Since we have a hyperbohc norm which takes values in the partially 
ordered set D"*", we are able to prove a "hyperbolic version" of the 
Schwarz inequality. 

Theorem 5.1.5. (Second bicomplex Schwarz inequality). Let X be a 
bicomplex Hilbert module, and let x,y & X. Then 

\{x,y)\k< \\x\\o ■ \\y\\o- 



Proof: 

As before, 



hence 



{x, y) = e {ex, ey)x, + e^ (e^ x, e^ y)x^^ , 

|(x,|/)|k = e\{ex,ey)xj+e^ ■\{e^x,e^y)x^^\ 
using the complex Schwarz inequality 

< e \\ex\\x, ■ lleylUe + e"^ l|e^a;||x^^ ■ ||e^t/||x^^ 



e ■ \\ex\\x, + et ||eta;||x^t ) ' (^ ' ll^^lUe + e"^ l|e"^l/IU^t 



= IfIId) ■ \\y\\D- 

D 

Notice the absence of the coefficient a/2 in the second inequality; this is 
due to the compatibility between the hyperbolic modulus of the inner 
product (which is a bicomplex number) and the hyperbolic norm on 
X. 

Example 5.1.6. We are interested again in the situation in which X = 
IC. Take then x = Z = /3i e + /^a et, and y = VT = ^i e + ^2 e^ /3i, /^s, 
■Ci) G ^ C(i) so that 

Wzfx = liW + W) =\z\\ \\w\\\ = ^ (l^iP + I6P) = \w\\ 
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One has directly: 

\{Z,W)\ = |Z-W^*| = |(/3ie + /32et)(eie + e2et: 

= |Aeie + /32e2et| 
1 



^ V l/^lM^lP + i/32Me2P 



1 



< -^sj2\\Z\\l{\i,\^ + U^) 



2\\Z\\\- \\W\\\= V2\\Z\\x- \\W\\x, 

\\ M vV II 1 1 VL II 11^*- II 1 1 ^»- ? 

in accordance with Theorem 15.1.41 

Similarly, for the hyperbolic modulus of the inner product and for the 
corresponding hyperbolic norm one has: 

\{Z,W)W = \z-w% = \z\^-\w% 

= |^|k-|lV|k = II^IIb-IIW^IId; 

This means that, in this case, the Second Schwarz inequality becomes 
an equality, exactly as it happens with the Schwarz inequality in C. 



5.2. Polarization identities 

Let X be a real linear space with a bilinear symmetric form Sk(-, ■), 
and denote by Qir(-) the corresponding quadratic form generated by 
Bm., i.e., for any x E X, 

Qr{x) := Br{x,x). 

Then the following relation holds for any x,y E X: 

(5.10) B^ix, y) = ^ (Qk(x + y) - Qmix - y)) . 

This relationship usually goes under the name of Polarization Iden- 
tity for real linear spaces. In particular, a real inner product and its 



associated norm satisfy (5.10) 



For a complex linear space X the form Be is assumed to be Hermi- 
tian and sesquilinear, that is, Bc{x,y) = Bc{y,x) and Bc{Xx,fj,y) = 
\jiBc{x,y) for any x^y G X, and for all A, /x G C. let Qc{x) : = 
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Bcix,x) denote the quadratic form. The polarization identity in this 
case becomes 

Bc{x, y) = - {Qc{x + y)- Qc{x - y) + 
(5.11) 4 

+ i {Qc{x + iy)-Qc{x-iy))). 

Again any complex inner product and its corresponding norm satisfy 

Let now X be a bicomplex module. We will consider maps 

B:XxX ^ 



such that B{x,yi + 7/2) = B{x,yi) + i3(x, ^2) and B{xi + X2,y) = 
B{xi,y) + B{x2,y) for all Xi, X2, x, yi, y2, y G X. For such a map 
B, to be "Hermitian" may mean one of the three properties: 



(l) If B{x,y) = B{y,x), (in this case B is called bar-Hermitian), 

(11) If B{x,y) = {B{y,x)y, (in this case B is called f-Hermitian), 

(ill) If B{x,y) = {B{y,x))*, (in this case B is called *-Hermitian). 

Similarly we have the three types of sesquilinearity. li u, fi E BC then 

(l') i3 is bar-sesquilinear if 

B{ux,ny) = iyJiB{x,y). 

(11') B is called f-sesquilinear if 

B{iyx,fiy) = ufi^ B{x,y). 

(ill') B is *-sesquilinear if 

B{ux,iiy) = u/j,* B{x,y). 

For reasons that will be readily apparent, we are going to consider 
*-Hermitian and *-sesquilinear maps B. Note that since Q{x) : = 
B{x, x) = B{x, x)* then Q{x) takes values in D. Hence the inner prod- 
ucts that we have defined fit into this notion: if B{x, y) = {x, y)x then 
;B is a *-Hermitian and *-sesquilinear form, and Q{x) = B{x, x) is the 
square of a hyperbolic norm on X. 

It turns out that given a *-Hermitian and *-sesquilinear bicomplex 
form B, there are several polarization-type identities that connect it 
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to its quadratic form Q. Indeed, it is a simple and direct computation 
to show that for any x, y & X one has 



(5.12) 



}3{x, y) = -{Q{x + y)- Q{x - y) + 

+ i{Q{x + iy)-Q{x-iy))) 



(5.13) 



(5.14) 



}3{x,y) = -{j{Q{x+jy)-Q{x-jy)) + 
+ k{Q{x + ky)-Q{x-ky))); 

B{x, y) = -{Q{x + y)- Q{x - y) + 

+ HQix+jy)~Qix-jy))); 



(5.15) 



B{x, y) = ^{i {Q{x + iy) - Q{x - iy)) + 

+ k{Q{x + ky)-Q{x-ky))). 



The vahdity of formulas (5.12) and (5.14) can be concluded from (5.11) 
but there are deep bicomplex reasons for the validity of (5.12)-(5.15). 
Indeed, B{x,y) can be written as 

B{x,y) = B{xe + xe\ye + ye'^) 



(5.16) 



so that 



= eB{xe,ye) + e^B{xe^,ye^) 

= e 7ri,i(i3(xe, ye)) + e'^n2,i{B{xe'^ , ye'^)) 

= e7ri^j{B{xe,ye)) + e^7r2,j{B{xe\ye^)), 

Q{x) = B{x,x) 

= e 7ri,i(i3(xe, ye)) + e^7i2,i{B{xe\ ye^)) 

= e7ri,i(Q(xe)) + et7r2,i(Q(xet)) 

= eni^j{B{xe,ye)) + e'^n2,i{B{xe\ye^)) 

= e7rij(Q(xe)) + et7r2j(Q(a;et)). 
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By applying this to the right-hand side of (5.13), we see that for the 
first summand one has 

J {Q{x+]y) - Q{x-}y)) = 

= J (evri,i(Q((s+jy)e)) + et7r2,i(Q((a;+jy)et)) 

- e7ri,i (Q((x - jy)e)) - eVa,; {QHx - jy)e^))) 
= -ievTi^i (Q((x - iy)e)) + ie"^7r2,i (Q((x + iy)e^)) 

+ ie7ri,i (Q((x + iy)e)) - ieVa,! (Q((x - iy)e"^)) 
= i (e7ri,i(Q((x + ii/)e)) + et7r2,i(Q((x + iy)et)) 

- (e7ri,i (Q((a; - iy)e)) + etyra^ (Q((a; - iy)et)))) 

= i {Q{x + iy) - Q{x-iy)); 

as to the second summand we have: 
k{Q{x + ky)-Q{x-ky)) = 

= k (evTi,; (Q((a; + ky)e)) + e+Tra,; (Q((x + ky)et)) 

- evTi,; (Q((x - ky)e)) - etyra,; (Q((x - k|/)et))) 
= evTi,; (Q((x + y)e)) - e^TTs,; (Q((x - i/)et)) 

- evTi,; (Q((x - i/)e)) + e^a.i (Q((x + y)et)) 
= Q{x + y) - Q{x -y). 



One can now compare the right-hand sides in (5.12)- (5.15) to conclude 
that they all coincide. 

Take a bicomplex module X. As we saw in (5.16), any Hermitian 
*-sesquilinear form B has "an idempotent representation" 

B{x,y) = eB{ex,ey) + e^B{e^x,e^y) 

= e 7ri^i{B{ex, ey)) + e^ '!T2,i{B{e^x, e^y)). 

On Xe = eX set 

bi,i(ex,e?/) := 7ri^i{B{ex,ey)). 
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We will show that bi,i is a Hermitian C(i)-sesquilinear form on Xe,i. 
Indeed, 



1) bi;,{ey,ex) = ni^i{B{ey,ex)) 



ni;,{B{ex,eyy 



vri,i ((e 7ri,i(i3(ea;, ey)) + et 7T2,i{B{e'^x, e^y)))*) 



7ri,i e 7ri,i(-B(ea;, ey)) + et 7r2,i(-B(eta;, ety)) 



= TTi^i{B{ex,ey)) = ■Ki^i{B{ex,ey)) 

= bi^i{ex,ey). 
2) bi^i{fiex + ez,ey) = ni^i{B{fiex + ez,ey)) 

= 'n:i^i{i2B{ex,ey) + B{ez,ey)) 

= fibi;,{ex,ey) + bi^i{ez,ey). 

The two properties together imply that 

bi^i{ex,fiey) =]Ibi^i{ex,ey). 
In the same way we can define three more forms 

b2,iie^x,e^y) := TT2,iiB{e^x,e^y)), 

bij(ea;,ei/) := 7rij(i3(ea;, ey)), 

b2,j{e^x,e'^y) := 7r2,j{B{e^x,e'^y)), 

which turn out to be Hermitian complex sesquilinear forms on Xgt^i, 
Xej, -^etj respectively. 

One can also obtain polarization identities for matrices, which directly 
descend from those we have described above. Indeed, any matrix A G 
BC"^", generates two *-Hermitian matrices 

Ai:=A + A*' and A2 := i{A - A*'). 

It is easy to see that the formulas 

Bi{x,y) ■.= x'-Ai-y* 

and 

B2{x, y) := X* ■ A2 ■ y* 
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define *-Herinitian and *-sesquilinear bicomplex forms on tlie bicom- 
plex module BC", witli Qi{x) := Bi{x, x) = x^ ■ Ai ■ x* and Q2{x) : = 



B2{x, x) = x^ ■ A2 ■ X*. Tlius any of the formulas (5.12)-(5.15) implies 



the corresponding formula for i3i, Qi and B2, Q2- For instance, formula 



(5.12) applied to the bicomplex form B2 gives, for any matrix A, 



(5.17) 
X*- {A- A*') -y* = 

= ^- {{x + yy-{A-A*')-{x + yr 

- {x- yf ■ {A - A**) ■ (x - y)* + 

+ i ((x + lyf .{A-A*')-{x + ly)* - {x - lyf .[A-A*')-{x- iy)*)) 
Assume additionally that for any column h G BC" the matrix A verifies: 

&* ■ A ■ r G D; 

the hyperbolic numbers seen as 1 x 1 matrices are invariant under 
transposition and under ^-involution, hence 



h'-A-h* = {h'-A- b*)*' = (6** ■A*-by = b'-A 



*t 



which implies the vanishing of the right-hand side of (5.17) for such a 
matrix. Thus 

x'-{A-A*')-y* = 

for any x, y and so 

A = A*'. 



5.3. Linear operators on BC— modules. 

Let X and Y be two BC-modules. A map T : X — )■ y is said to be a 
linear operator if for any x, z & X and for any A G BC it is 

T[Xx + z] =XT[x]+T[z]. 

Defining as usual the sum of two operators and the multiplication of 
a linear operator by a bicomplex number, one can see that the set of 
all linear operators forms a BC-module. In case when Y = X the 
same set equipped additionally with the composition becomes a non- 
commutative ring and an algebra-type BC-module (as before we use 
this term instead of the term "algebra" for a ring which is a module, 
not a linear space). 

82 



Let us now see how the idempotent decompositions of X and Y man- 
ifest themselves in the properties of a hnear operator. Write X = 
Xe + Xgt , Y = Ye + Vet SO that any a; G X is of the form 

X = e ■ ex + e^ ■ e'x =: e ■ xi + e' ■ X2- 

The hnearity of T gives: 

T[x] = T[e ■ ex + et ■ e^x] 

= e ■ T[ex] + et ■ T[e^x] 

= e-{e-T[ex]) + e^ ■ {e^ -Tle^x]) , 
and introducing the operators Ti and T2 by 

Ti[a;] := e ■ T[ex], T2[x] := e"^ ■ T[e^x] 

we obtain what can be called the idempotent representation of a linear 
operator: 

T = e ■ Ti + e^ ■ T2 = Ti + T2. 

Although Ti and T2 are defined on the whole X their ranges do not 
fill all of Y: the range Ti{X) lies inside Y^ and the range T2(X) lies 
inside Fet ; in addition, the action of Ti is determined by the component 
Xi = ex of x and the action of T2 is determined by the component 
X2 = e^x of X. Thus, with a somewhat imprecise terminology, we can 
say that Ti is an operator from Xe into Y^, and T2 is an operator from 
Xgt into Fgt- Since Ti and T2 are obviously BC-linear then one may 
consider them as C(i)- or C( j)-linear on X^ and X^t respectively. 

Let T : X — > F be a BC-linear operator. Assume additionally that 
X and Y have D-norms || ■ Hb.x and || ■ ||ii),y respectively (as well as the 
bicomplex norms || • \\x and || ■ ||y). Recall that we can always write 
X = Xe + Xgt, Y = Ye + Yet, that the norms || ■ ||xe) II ' llx ^ are the 
restrictions of 11 ■ ||x to Xe and to Xpt, and that 11 • lly , 11 • lly, are the 

II 11^*- ^^ ti'7 II l|-'-G?l| ll-'T 

restrictions of || ■ ||y to Ye and to Yei. 

Definition 5.3.1. The operator T : X — > Y is called D-bounded if 
there exists A G D+ such that for any x G X one has 

(5.18) ||rx||B,y<A-||x||B,x. 

The infimum of these A is called the norm of the operator T. 

It is clear that the set of D-bounded BC operators is a BC-module. 
Indeed, let Ti and T2 be two D-bounded operators: 

||7\x||D,,y < Ai ■ ||x||d,x, ||7'2a;||B,y < A2 ■ ||a;||]D),xVx G X, 
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then we have 

||(ri+T2)[x]||D,y < ||Tix||e,y + ||T2x||o,y 

< Ai ■ ||x||d,x + A2 ■ ||a:||D,x- 
If Ai and A2 are comparable with respect to the partial order < then 

II (Ti + Ta) [x]||in,,y < max{Ai, A2} • ||a;||D_x- 

But the hyperbolic numbers Ai and A2 may be non comparable. In this 
case the following bound works. If Ai = aie + feie"!", A2 = 026 + 626^ 
then set a := max{ai,a2}, b := max{6i,62}, and A := ae + be^ which 
gives 

II (Ti + T2) [x] ||o,y < A ■ ||a;||B,x Vs G X, 

thus, T1+T2 is D-bounded. The case of the multiplication by bicomplex 
scalars is even simpler since 

||yuTx||]D,,y = ll/ullk ■ ||7'a;||o,x < ||yu||k • A • ||x||d,x Va; G X. 

One can finally prove, following the usual argument from classical func- 
tional analysis, that the map 



T h-). infn {A | A satisfies eq.(5.18) } =: ||T 



defines a hyperbolic norm on the BC-module of all bounded operators. 



Note that inequality (5.18) is equivalent to asking that, for any x E X, 



\\Tx\\o,Y = ||2"iXi + T2X2||D.y 

= e-||TiXi||y, + et.||T2X2||y, < 

< e- Ai ■ ||xi||xe + e"^ • A2 ■ ||a;2||x t, 

with A = eAi + e"''A2 G D+. This means in particular that Ti and T2 
are bounded and ||Ti|| = inf{Ai}, IIT2II = inf{A2}. It is clear now that 
if Ti and T2 are bounded then T is D-bounded. Thus, the operator T is 
bounded if and only if the operators Ti : Xe — )■ Ye and T2 : Xgt — )■ ^et 
are bounded. What is more, the respective norms are connected by 
equation 

(5.19) ||T||e = e-||Ti||+et -11X211, 

which is true because 

infro{A} = infojeAi + etA2} 

= e ■ inf{Ai} + et ■ inf{A2} = e ■ ||Ti|| + et||T2||. 
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As always, the operator T is (sequentially) continuous at a point x E X 
if for any {x„} C X such that lim Hxn — a;||D,x = one has that 

n—^oo 

lim \\Txn — Txllcy = 0. It is obvious that T is continuous at x if and 

n— >oo 

only if Ti is continuous at ex and T2 is continuous at e^x. This implies 
immediately that T is D-bounded if and only if T is continuous. 

As in the classical case, the norms of bounded operators on complex 
spaces can be represented in different ways: 

{\\rp II 

(5.20) J ..^ _ ^ . 

= supj ||Ti2;||y^ I \\z\\x, < 1} 

= sup{||Ti2;||y^ I \\z\\x^ = 1}; 
(and similarly for T2). 



By using these equalities, formula (5.19) gives 



I T^ 1 1 

|T||„ = e ■ sup <; Vf^ U G Xe \ {0} 



+ & ■ sup < ---, ^ I M G Xet \ {0} 

l ll«llxt 

/e-||Tiz||y^ + et.||T2u||y 

[ e- ||2;||xe + eT ■ ||m||x^^ '^^ 

f ||e ■ T12; + et ■ Tswlln.y I II , + 11 ^.-1 
[ \\e ■ z + eT ■ u\\b,x J 

r||Tu;||D,Y I II II . ^ 

= SUPj5 <^ I \\w\\o^x ©0 

that is, we have proved for D-bounded operators an exact analogue of 



the first formula in (5.20) 



(5.20) 



Similarly, we can prove the analogues of the other two formulas in 

IITIIb = supjj {||Tw||iD,,y I ||u;||d,x < 1} 

= SUPu {||TM;||iD,,y I ||U7||]D,,X = !}• 
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Assume now that X and Y are bicomplex Hilbert modules with in- 
ner products {■,-)x and (■,-)r respectively. Recall that, with obvious 
meanings of the symbols, 

(x, z)x = e- {ex, ez)x, + e^ ■ {e^x, eh)x^^ ■ 

The adjoint operator T" : F — )■ X for a bounded operator T : Y ^ X 
is defined by the equality 

{T[xly)y = {x,Ti[y])x. 
Consider the left-hand side: 

{T[x],y)Y = {{Ti + T2)[ex + e^x],ey + e^y)Y 

= (e ■ Ti [ex] + e^ ■T2 [e^x] , ey + e^y)Y 
= e ■ {T,[ex], ey)y^ + et ■ {T2[e^x],e^y)y^^ 

= e ■ {ex,Tl[ey])Y^ + e^ ■ (etx,T|[ety])y ^; 
similarly for the right-hand side: 

{x,T^[y])x = (ex + etx,((T«)i + (T«)2)[e|/ + eV])x 

= e ■ {ex, {T^)i[ey])x + e^ ■ (et^, {T%[e^y])x. 

Thus, one concludes that the bicomplex adjoint T'^ always exists and 
its idempotent components {T^)i and (T'')2 are the complex adjoints 
of the operators Ti and T2, that is, 

(5.21) T« = e ■ Tf + e"^ ■ tI 
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CHAPTER 6 
Schur analysis 

This last chapter is an apphcation of the previous resuhs, and it begins 
a study of Schur analysis in the bicomplex setting. Further results, and 
in particular the associated theory of linear systems, will be presented 
elsewhere. 

6.1. A survey of classical Schur analysis 

Under the term Schur analysis one understands problems associated 
to the class of functions s that are holomorphic and whose modulus is 
bounded by one in the open unit disk K (we will call such functions 
Schur functions, or Schur multipliers, and denote their class by S^). 
They can be interpreted as the transfer functions of time-invariant dis- 
sipative linear systems and, as such, play also an important role in the 
theory of linear systems (see [3] for a survey) . It was in the early years 
of the XX*^ century that I. Schur wrote two particular works |44l, 145] 
in 1917 and 1918; they were motivated by the works of Caratheodory 
and Fejer [TTj . Herglotz |28] and Toeplitz [54] (in particular in the 
trigonometric moment problem). In those works Schur associated to a 
Schur function s a sequence Po,Pi, • • • of complex numbers in the open 
unit disk: one sets So{z) = s{z), po = ■So(O); then one defines recur- 
sively a sequence of Schur functions Sq, Si, . . . as follows: if \sr 
the process ends. If |s„(0)| < 1, one defines 

Sn{z) - Sn{0) 



'n+1 



» 



Z{1 - Sn{0)Sn{z)) 

4(0) 

(l-\Sr 



a Zy^O, 



a z = o. 



Then s„+i is still a Schur function in view of Schwartz' lemma, and one 
sets pn+i '■= Sn+i(0). The coefficients pQ,pi,... are called the Schur 
coefficients of s and they characterize in a unique way the function s. 
The construction of the sequence sq, si, . . . is called Schur's algorithm. 
Since the function s is holomorphic, it admits its Taylor expansion: 

s{z) = ao + ai z + a2 z'^ + ■ ■ ■ + ttn z"^ + ■ ■ ■ , 
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and the sequence of coefficients {an} also characterize in a unique way 
the function s. It is remarkable that the sequence of Schur's coeffi- 
cients {pn} has proved to give a better characterization of s and makes 
possible to link this type of functions with, for instance, problems of in- 
terpolation of holomorphic functions, filtration of stationary stochastic 
processes, etc. Examples of Schur functions are the so called Blaschke 
factors: 

bcoiz) = =, 

1 ~ ZLO 

with a; G K, and more general finite products: 

k 

(6.1) 5(2;) = c- ]^6(^,, 

e=i 

where c is a complex number with modulus one and ui,U2, ■ ■ ■ ,ujk are 
in K. I. Schur proved that the sequence of coefficients {p„} is finite if 



and only if s is a function of the type (6.1 ), i.e., if s is a finite Blaschke 
product. 

The role of Schur functions in the theory of time-invariant dissipa- 
tive linear systems has led to the extension of the definition of Schur 
functions to other settings. For instance, the case of several complex 
variables corresponds to multi-indexed (ND) systems (recall that a lin- 
ear system can be seen as a holomorphic or a rational function defined 
in the unit disk and whose values are matrices). Analogues of Schur 
functions were introduced by Agler, see [H [2] . Besides the Schur- Agler 
classes, we mention that counterparts of Schur functions have been 
studied in the time- varying case, [6J, the stochastic case, [7], the Rie- 
mann surface case |14] . and the multiscale case, [HI [H]- A number of 
other cases also are of importance. In the setting of hypercomplex anal- 
ysis, counterparts of Schur functions were studied in |lll, I12L 1131 [5] 
in the setting of Fueter series, and in [4] in the setting of slice hyper- 
holomorphic functions. In this chapter we study the analogue of Schur 
functions in the setting of bicomplex numbers and BC-holomorphic 
functions. 

We begin with the following characterization of Schur functions of one 
complex variable. 

Theorem 6.1.1. Let s be a function holomorphic in the unit disk K. 
The following are equivalent: 



(i) s is a Schur function. 
fii) The kernel 



(6.2) t,(A.^) = l_i(^ 

1 — AjJ, 

is positive definite in K, that is, given any collection Ai, . . . , A„ 
of points in K, the matrix (^^(A^, A^))^ ^ i^ positive definite. 

(iii) One can write s in the form 

(6.3) s{X) = D + XC{Inis) - XA)-'B, 

where H(s) is a Hilbert space and where the operator matrix 

(^ ^^ : n{s)®c -^ n{s)®c 

is coisometric (i.e., ( ^ d] ' [c d] ^ ^'H{s)®c, where we 

are using the symbol jj instead of * to denote the dual of the 
operator matrix) or unitary. 

(iii) The multiplication operator Mg defined by Ms[/] := s/ is a 
contraction from the Hardy space H^(K) into itself. 



Expression (6.3) is called a realization of s. Here we need to recall 
that a Hilbert space "H whose elements are functions defined on a set 
fl and with values in C" is called a reproducing kernel Hilbert space if 
for any c G C" and any u & Q the functional / i— )■ c^ f{uj) is bounded; 
by Riesz' Theorem (see for instance |41j Theorem 4.12, p. 77) there 
exists a function 

such that for any c G C", a; G f2 and f ^Ti, the function z h-> K{z, uj)-c 
belongs to Ti and 

(6.4) {f,Ki;co)c)n = c'f{co), 

where (■, ■)^ is the scalar product in the Hilbert space Ti; it is the 



equation (6.4) that justifies the term "reproducing kernel"; it is proved 
that the function K{z, u) is unique and is called the reproducing kernel 
of the Hilbert space "H; it is direct to prove that the function K is 
positive definite and also is Hermitian (in the usual complex setting), 
that is: 

K{z,u) = K{uj, z). 
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We need to recall also that the reciprocal of the above is also true, that 
is, given a positive definite function K{z^uj) : i7 x i7 — > C"^" there 
exists a unique Hilbert space whose elements are functions from Vt to 
C" and with reproducing kernel K. An important example for the case 
n = 1 that we will use later is the function 

(6.5) Kiz, w) := = z,w eK, 

1 — zw 

which is a positive definite function and it is known that its reprodu- 
cing kernel Hilbert space is the Hardy space H^(]K). 

In the previous Theorem we have the particular case n = 1 and we 
have denoted by 'H(s) the reproducing kernel Hilbert space of func- 
tions holomorphic in K and with reproducing kernel fcs(A,yu). This 
space provides a coisometric realization of s called the backward shift 
realization of s, which is already present (maybe in an implicit way) in 
the work of de Branges and Rovnyak [21j. See for instance Problem 
47, p. 29 in that book. 



Theorem 6.1.2. The operators 



m - m 



(6.6) z 

C[f] := /(O), 

D[c] = s(0)c, 

where f eHIs) and c G C, define a coisometric realization of s. 

Extending the notion of Schur function to the case of several complex 
variables is not so simple. We will focus on the cases of the polydisk 
and of the ball. We collect here in two theorems, [1] , the analogues of 



Theorem 6.1.1 for the polydisk and the ball. 



Theorem 6.1.3. Let s be holomorphic in the polydisk K^, let A = 
(Ai, . . . , Atv) G C^ and let A = diag (Ai, A2, . . . , Xn)- Then, the follo- 
wing are equivalent: 
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(i) There exist C-valued functions A;i(A, /i), . . . , /cat (A, /i), positive 
definite in K^ and such that 

N 

(6.7) 1 - s(A) s(/i) = ^(1 - A„/Z„)A;„,(A, /x). 

n=l 

(ii) There exist Hilbert spaces "Hi, ... , "Hjv and a unitary operator 
matrix 



CD''- ^®*^ — ^ n^c 

such that 

s(A) = D + C{In - AA)-^AB, 
where ?^ = ©^=i?^n- 

When A^ = 1, fci is uniquely determined, and is in fact the function kg 



introduced in Theorem 6.1.1 Note that in general the decomposition 

N 



(6.7) is not unique. Dividing both sides of (6.7) by TT(1 — A„/i„) we see 



n=l 

that in particular Mg is a contraction from the Hardy space of the poly- 
disk H^(K^) into itself. When N > 2 the class of Schur-Agler functions 
of the polydisk is strictly included in the class of functions holomorphic 
and contractive in the polydisk, or equivalently such that the multi- 
plication operator Ms[/] = s/ is a contraction from the Hardy space 
H^(K^) into itself. The two classes coincide when A^ = 1 or A^ = 2. 

We now consider the case of the open unit ball Mn of C^. The function 

1 1 



l-A/i ^ 

1 - XI ^« ^n 

n=l 

is positive-definite there. Its associated reproducing kernel Hilbert 
space is called the Drury-Arveson space, and will be denoted by A. 
The space A is strictly included in the Hardy space H^(BAr) of the 
ball when A^ > 1, and the class of Schur-Agler functions of the ball is 
strictly included in the class of functions holomorphic and contractive 
in B^r, or equivalently, in the class of functions holomorphic in B^r and 
such that Ms is a contraction from H^(Bjv) into itself. 

Theorem 6.1.4. Let s be holomorphic in B^r. The following are equi- 
valent: 
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(i) The kernel 



s(A)s(/i) 



l-A/Z 
is positive definite in Mn- 

(ii) There exists a Hilbert space H and a unitary operator matrix 



such that 

s(A) = D + C{In-XA)-^XB. 

(iii) The operator Mg is a contraction from the Drury-Arveson 
space into itself. 

6.2. The bicomplex Hardy space 



We now want to show how the ideas and concepts of Section 6.1 



can 



be translated to the case of bicomplex analysis, and bicomplex holo- 
morphic functions. Let 

(6.8) fiK2 := {Z = zi + Z23 = e/3i + e^ ^2 \ (A, /32) G K^} , 

with K, as in the previous section, being the unit disk in the complex 
plane and K^ = K x K. The reader may consider redundant the no- 
tation fijja, but recall that there are many different ways of identify 
the set BC with C^ and we want to make emphasis that now we are 
making this identification via the idempotent representation. 

We define the bicomplex Hardy space ii^{Q^2) to be the set of functions 
/ : ^2^2 — )■ BC such that for any Z G ^2^2 : 

oo 

/(Z) = ^/„-Z", 

n=0 

oo 



where Vn G N, /„ G BC and the series of hyperbolic numbers N^ \fn\ 



|2 
Ik 

n=0 

is convergent. Setting /„ = e/„i + e'''/„2 one gets: 
which means that both complex series 



n=0 n=0 
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n2| 



are convergent and thus both functions 

oo oo 



n=0 n=0 

r2/ 



belong to the Hardy space of the unit disk H (K); of course 

/(Z) = e./i(/3i) + et-/2(/32), 
or equivalently, 

f{zi + JZ2) = e ■ fi{zi - \Z2) + e^ ■ f2{zi + 1^2)- 
This means that the bicomplex Hardy space can be written as 
(6.9) H2(nK2) = e-H2(K) + e"f ■H2(K). 

The BC-valued inner product on 'iil^{VL^2) is given by 

00 

n=0 



00 



= e ■ E /„i ■ 5(„i + e'^ ■ E fn2 ■ gn2 
n=0 n=0 

= e ■ (/i, 5'i)h2(k) + e"!" ■ (/2, fl'2)H2{K), 
and it generates the D-valued norm: 



n=0 

00 00 



n2\ 
n=0 n=0 

= e-||/i||^.(^) + et.||/2| 

Thus one can say that we have obtained an analogue of the classic 
Hardy space on the unit disk for the bicomplex setting where we deal 
with the bidisk, but now in the idempotent, not cartesian, coordinates; 
the inner product in this Hardy space is BC-valued and (what is even 
more remarkable) the "adequate" norm takes values in D"*", the positive 
hyperbolic numbers. 
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6.3. Positive definite functions 

Let Q be some set. The BC"^"-valued function K{z, w) defined for 
z,w & Q is said to be positive definite if it is *-Hermitian: 

K{z, w) = K{w, zy\ Vz, wen, 

and if for every clioice of A^ G N, of columns Ci, . . . , cjv G C"(i) and of 
Zi, . . . ,Z]y E n one has that 

N 

Y,cfK{z„z,)c,eB+. 

Proposition 6.3.1. The BC"^"- valued function 

K{z,w) = Ki{z,w) +iK2{z,w) 

is positive definite if and only if Ki {z, w) is positive definite and iK2{z, w) 
is Hermitian and such that 

(6.10) - Ki{z, w) < iK2{z, w) < Ki{z, w). 

Proof: This follows from ( |2.10[ ) applied to the matrices 

fK{zi,zi) K{zi,Z2) ■■■ K{zi,zn)\ 

K{z2,Zi) K{Z2,Z2) ■■■ K{z2,Zn) 



\K{zn,zi) K{zn,Z2) ■■■ K{zn,zn)/ 



D 



Corollary 6.3.2. Let K{z,w) be BC"^"-valued function defined in 
Q^. Write K{z,w) = ki{z,w)e + k2{z,w)e\ where ki and /c2 are C"'^"- 
valued functions. Then, K is positive-definite in Q if and only if the 
functions fci and ^2 are positive definite in ^2. 

Theorem 6.3.3. Let i^ be a BC"^"-valued function positive definite 
on the set Q. There exists a unique reproducing kernel Hilbert space 
J^{K) of functions defined on Q with reproducing kernel K. Namely, 
for allwen,ce BC" and / G ,yif{K) one has that 

(i) The function z H- K{z,w)c belongs to Jif{K), and 
(ii) The reproducing kernel property 

{f,K{;w)c)j^^K)=C*'f{w) 

holds. 
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Proof: 

Given K = Ki+iK2 = e- {Ki-iK2) + e^ ■ {Ki+iK2), a BC"^"-valued 
positive definite function on a set Q, tlie associated reproducing kernel 
Hilbert space consists of the functions of the form 

F{z) = Mz)e + f2iz)e\ 

where /i G .J^{Ki-iK2) and /a G ,J^{Ki + iK2), and with BC-valued 
inner product 

(6.11) (F, G),^(^K) ■= e {fi,gi).^(Ki-iK2) + e"^ (/2, 5-2 ),i^(ii-i +1/^2)- 

D 

In the previous theorem, the C"^ ""-valued kernels are in particular po- 
sitive definite in ^2. We denote by Jif{Ki — 1X2) and Jif{Ki + 1X2) the 
associated reproducing kernel Hilbert spaces of C"-valued functions on 

n. 



Corollary 6.3.4. The function K is positive definite in Q if and only 
if there is a BC-Hilbert space "H and a function / from Q into 'H such 

that 

(6.12) K{z,w) = {f{w),f{z))n Wz,wen. 

Proof: 

Write K{z,w) = ki{z,w)e + k2{z,w)e^, where ki and k2 are complex- 
valued positive definite functions. Then there exist complex Hilbert 
spaces Til and 7^2 and functions /i and /2, defined on Q and with 
values in "Hi and 7^2 respectively, such that for any z, w & Q there 
holds: 



ki{z,w) = {fi{w),fi{z))m and k2{z,w) = {f2{w), f2{z)) 



Hi 



Then using the process described in Section |3.2[ define Ti to be 



Applying to this BC-module the results from Subsection 4.3.3 and in 



particular the formula (4.6), the inner product on "H is given by 



{h,9)n = {ehi + e^ h2, egi + e^ g2)n 

= e(/ii, gi)m + e^h2, 5-2)^2, 
and for any z E Q: 

f{z):=e-Mz) + e^-f2{zy, 
thus one has: 
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{f{w),f{z))n = {ef,{w) + e^f2iw),ef,{z) + e^Uz))n 

= e (/iH, f,iz))n, + et(/2H, ^(z))^, 

= eki{z,w) + e' k2{z,w) = K{z,w). 
This concludes the proof. D 



In the complex case, there is a one-to-one correspondence between posi- 
tive definite functions on a set fl and reproducing kernel Hilbert spaces 
of functions defined on ^2. In the present case, one has the following 
result: 

Theorem 6.3.5. There is a one-to-one correspondence between BC"^"- 
valued positive definite functions on a set fl and reproducing kernel 
Hilbert spaces of BC"-valued functions defined on Q. 



We conclude this section with an example. 
Theorem 6.3.6. 

(1) The function is positive definite in Qw^. 

^ ' 1 - ZW* 

(2) Its associated BC reproducing kernel Hilbert space is H^^flE.^). 

(3) For every / G H^(f2K2), and every a G ^k^, we have: 



(/, (l-Za*)-iWn,) = /(a). 



Proof: 

(1) Writing Z = f3ie + yUie"!" and W = f32e + /i2e"l', where /3i,/32,/ii, /i2 
are in K, we have: 

1 1 1 . 



1 - ZW* 1 - /3i/ii 1 - /327i2 



The claim follows then from Corollary 6.3.2 



Items (2) and (3) are consequences of Corollary 6.3.3, and of (6.9). D 
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6.4. Schur multipliers and their characterizations in the 

BC-case 

Definition 6.4.1. A BC"^™- valued BC-holomorphic function s on ^^2 
is called a Schur function if it can be written as 

s(Z) = Sl(/3l)e + S2(/32)e^ 

where si and S2 belong to ^"^™(K). 

We will use the notation y"'^"^{Q^2) for these Schur functions s. 

Theorem 6.4.2. Let s be a BC^^-valued BC-holomorphic function 
on ^2^2. Then, the following are equivalent: 

(1) s belongs to ^"^"(^kO- 
(2) 

siz)s{z)*' < i^, yzen^2. 

(3) The function 

/„ - s{z)s{wy' 



(6.13) 



1-ZW* 
is positive definite in fi^?. 



(4) The operator of multiplication by s is a D-contraction from 
(H2(fiK2))™ into (H2(fiK2))", meaning that 

(S/, s/)(H2(f7^2))" < (/' /)(H2(f7^2))-, V/ G (H^(f]K2))"'- 

(5) s admits a realization 

(6.14) s{Z) = D + ZC{In-ZA)-^B 

where ?/ is a BC-Hilbert space and the operator matrix 
'A B' 



^ ^ , : n® BC™ ^ ?/ © BC" 

is coisometric. 

Proof: 

Assume that (1) holds. Then, with W = •jiS + ^2^^ we can write 

/„ - s{Z)s{Wr' = {In - si(/3i)si(7i)*)e + (/„ - S2(/32)s2(72)*)e^ 
Since si and S2 are classical Schur functions we have: 

/™-Si(/3i)si(7i)*>0 and /„ - S2(/32)s2(72)* > 
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for all f3i,f32 G K. From Proposition 2.2.7 we get that (2) holds. When 
(2) holds both the kernels 



(6.15) 



In - Si(/3i)Si(7 



and 



S2(/32)S2(72 



1 - /3i7i 1 - /3272 

are positive definite in the open unit disk. Writing 

\*t 7 



j„ - s{z)s{wy 
I- zw* 



Si(/3i)Si(7i) /„ - S2(/32)S2(7 

-e H 



/3i7i 



/3272 



'' et. 



it follows from Corollary 6.3.2 that the kernel (6.13) is positive definite 
in ^2^2. Thus (3) holds. When (3) holds, the kernels (6.15) are in 
particular positive definite in the open unit disk. Thus the operators 
of multiplication by Si and S2 are contractions from (H^(K))™ into 
(H2(K))", that is 

("5j/j,Si/j)(H2(K))" < {fj,fj)iU^K))"^, j = 1,2. 

Thus 

(■5/, s/)(H2(f7^2))" = (■5l/l,Si/i)(H2(K))"e+ (s2/2,S2/2)(H2{K))"e'l' < 



< (/l7 /l)(H2(K))™e + (/2, /2)(H= 



mr 



- (/,/)(H2{n^2))-, 

that is, (4) holds. Assume now that (4) holds. By definition of the 
inequality, si and S2 are classical Schur functions. Using Theorem 
16.1.11 we can write 

sM) = D, + /3,Q(/^^ - /3, A,)-^!?,, J = 1, 2, 

where in these expressions, Mi and J^2 are complex Hilbert spaces, 
and the operator matrices 






C 



Hi © C 



are coisometric. Realization (6.14) follows by taking into account again 
the process described in Section 3^ and setting 

7{ := e ■ Hi + 6+^2. 



Then the operators 



A 



eAi + e^A2 



B 


= eBi + e^B2 


C 


= eCi + e+Cs, 


D 


= eDi + e^D2 



are such that 

s{Z) = D + ZC{In - ZA)-^B 

and they form a coisometric matrix operator, that is, (5) holds. When 
(5) holds we have for every Z,W E ^2^2: 

Setting Z = W we see that (2) holds, which implies (1) as one can see 
by considering the idempotent components. 



6.5. An example: bicomplex Blaschke factors 

We conclude this work by presenting an example of bicomplex Schur 
multiplier, namely, a bicomplex Blaschke factor. Let a = ai + ja2 ^ 

Qk^. We set 

(6.16) b,{Z):- ^'"^ 



1-Za* 
Clearly, the function ba is defined for all Z such that 

(6.17) {zi - iz2){a{ + ia^) ^ I, and {zi + iz2){a{ - ia^) ^ I, 

and in particular for all Z G ^2^2. We will call ba the bicomplex 
Blaschke factor with zero a when aa* ^ 1. As in the complex case, 

bfAZ) = —a + Z , 

so that a realization of ba{Z) is given by 

a* 1 

1 — aa* — c 

This realization is not coisometric, but this is readily fixed as follows. 

Let a = rjiB + 7726^ and 

u = a/1 - Ir^ip e + a/1 - \r]2\'^ e^ 
Then u G D+ and v? = 1 — aa* . The matrix 

A B\ _ fa* u' 
C DJ ~ \u -a 

also defines a realization of s, and it is unitary (and in particular co- 
isometric). 
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Proposition 6.5.1. It holds that 

{<1, for Z G i7]ic2, 
1, for ZZ* = 1. 

Proof: 

Let Z G r2K2. Then 1 — Za* is invertible and we have: 

{Z -a){Z -a)* 



1 - ba{Z)ba{Zy = 1 



;i - Za*){l - Z*a) 
[I - Za*){l - Z*a) -{Z - a){Z - a)* 

{1 - Za*){l - Z*a) 
;i -ZZ*){l-aa*) 



(1 - Za*){l - Z*a)' 
which belongs to D+ as a product and quotient of elements in D"*". 

Let now ZZ* = 1. The element Z is in particular invertible and we 
can write for such Z 

^"^^^ = ziz*-a*y 

Thus, for such Z, 

^'^^^)^^^^) = ZZ*{Z*-a*){Z-a) = '■ 

D 

We note that both 

(6.19) &a,i(/3i) = f ^ ~ "i and 6,,2(/32) ^' ' "^^ 



1 - f^lVl ' 1 - /32r?2 

are classical Blaschke factors. 

We will study in a future publication interpolation problems in the 
present setting. Here we only mention the following result: 

Proposition 6.5.2. Let a e ri^j- Then: 

(1) For every / G tPi^K^) it holds that 

{baf,baf)u2(nj,^2) = (/)/)H2(nK2)) 
that is, the operator of multiplication by ha is D-isometric. 
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(2) A function / belongs to ii^{Q^2) and vanishes at the point a 
if and only if it can be written as / = bag with g G H'^^Q^^). 
In this case, 

{f,f)-ti^in^2) = {9,g)-ii^{n^2)- 
i.e., their D-norms coincide. 

Proof: 

(1) We first note that for Z G Q^^ we have: 

oo 

baiZ) = -a + (1 - aa*) ^ Z"(a*)"-\ 

n=l 

where the convergence is in H^(f2K2), and also pointwise, since we are 
in a reproducing kernel Hilbert space. Thus, for A^, M G N we have: 

oo 



„+iV. *.n-l_ 



n=l 



(6.20) ba{Z)Z^ = -aZ^ + {l-aa*)J2z 

Denote No := N U {0}. Thus, for iV G No 

(6.(Z)Z^, baiZ)Z'')nHn^^) = aa* + (1 - aa*f Yl 



oo 

*\n—l 



aa 

n=l 

= aa* + (1 — aa*Y{l — aa*)^^ 
= 1. 
Let now A^, M G Nq with N < M, and let M = A^ + if . We have in 



view of (6.20): 



{ba{Z)Z^X{Z)Z^')u.^n,,) = 

oo 

= -a*{l - aa*){a*)^-' + (1 - aa*) ^(a*)^+"~^a"-^ 

n=0 

= -a*{l - aa*){a*)^-^ + (1 - aa*)\a*)^{l - aa*)'^ 

= 0. 
Hence, for any polynomial p we have 

{baP,bap)u\n^2) = {P,P)u\n^2)^ 
and the result follows by continuity for every element in H^(i7K2). 

(2) One direction is clear. If / = bag with g G H^(fiK2), then / G 
H^(f2K2) (this can be verified component-wise) and vanishes at the 
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point a. Conversely, assume that /(a) = 0, and let a = ai + ja2. Then 
fiiVi) = f2iV2) =0, where 

rji = ai — ia2 and ^2 = ^i + ia2- 



By the classical theory we have (with 6ai and 6a,2 defined by (6.19)): 

fj = Kj9j, j = l,2, 

with Qj G H^(K). The result follows by regrouping the components. 

D 

As we have noted already in the Introduction the classic, complex 
Schur analysis has connections and applications to many interesting 
problems, thus we expect that our brief study of some basic facts of 
bicomplex Schur analysis will become a starting point for deeper de- 
velopments of it together with many applications. 
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